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Many  numerical  simulations,  in  particular  that  of  a  two 
dimensional  incompressible  free  boundary  flow,  can  be  done  by 
performing  conformal  mapping  of  the  flow  domain  onto  a  half 
plane.  The  detailed  behaviour  of  the  conformal  mapping,  which 
is  closely  related  to  the  detailed  behaviour  of  the  solution 
to  a  two  dimensional  Dirichlet  problem,  is  analysed.  A 
uniform  asymptotic  expansion  to  the  conformal  map  of  a  slender 
domain  is  constructed.  Its  salient  features  are  explained  and 
later  generalized  by  theorems  valid  for  arbitrary  domains. 

•  o 

It  is  demonstrated  that  the  conformal  map  onto  a  disk  can  not 
expand  distances  beyond  a  certain  bound  but  can  be  extremely 
contracting.  The  logarithm  of  its  derivative  is  shown  to  be 
well  behaved.  A  general  perturbation  formula  from  an 
arbitrary  domain  to  an  arbitrary  domain  which  preserves  many 
features  of  the  infinitesmal  perturbation  formula  is  derived, 
and  its  use  is  demonstrated  on  a  fractal.  These  results 


utilize  two  estimates,  correct  up  to  a  constant  factor,  of  the 

conformal  distance  and  the  location  of  its  geodesics. 

The  above  mentioned  theory  motivates  a  new  numerical 

method  for  the  direct  computation  of  the  conformal  map.  when 

the  domain's  boundary  is  resolved  by  N  points  our  method 

2 

requires  O(N)  memory  locations  and  0(N  )  arithmetic 

operations.  Op  to  a  constant  factor  the  memory  requirement  is 
the  best  possible  and  the  operations  number  is  the  lowest 
achieved  so  far.  Both  are  an  0(N)  improvement  on  the  only 
other  direct  numerical  conformal  mapping  method  which  can 
handle  complicated  domains.  Moreover  our  numerical 
approximation  has  the  same  "exponential  decay  of  influence"  as 
that  of  the  exact  problem. 

Thesis  Supervisor:  Steven  A.  Orszag. 

Title:  Professor  of  Applied  Mathematics. 
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Introduction 


Many  two  dimensional  physical  problems  require  the 
solution  of  Laplace's  equation  in  a  complicated  domain  fl  . 

One  way  to  solve  these  problems  is  to  conformally  map  i?  onto 
the  unit  disk  0 (0,t)  or  a  half  plane  Of-4)  .  Once  that  is 
done  the  Poisson  kernel  provides  the  solution  to  the  Dirichlet 
or  restricted  Neumann  boundary  value  problems.  Hilbert's 
generalization  solves  a  mixture  of  the  two  where  each  applies 
on  part  or  the  boundary  (but  it  doesn't  solve  the  general 
Neumann  boundary  condition) .  Conversely  any  method  of 
computing  the  Dirichlet  or  Neumann  solution  can  be  used  to 
calculate  the  conformal  map  (see  Theorem  5.3)  but  there  is 
little  reason  to  do  it. 

There  exists  a  unique  conformal  mapping  ^  of  XI  onto 
0(0,1)  up  to  specifying  ^(v\  and  for  some 

(ffil.  Classical  complex  analysis  demonstrates  that  on  the 
boundary  DXl  £  is  about  as  smooth  as  "bll  is  and,  of  course , ^ 
is  analytic  inside.  However,  [' ]  1  is  ill  posed  in 
terms  of  any  reasonable  norm  of  il  even  when  M  is  restricted 
to  be  well  away  from  dJl .  For  example  take 


H-  ^  *  0(0,1)] 


(0.1) 


where  the  notation  means  •  y]  l^f  0(G,1)]  . 


6 


% 


It  is  a  smooth  domain  which  looks  like  an  ellipse  inflated 
inside  a  rectangle  centered  at  the  origin  of  length  2./  and 
width  2 -  ~  .  But  the  conformal  mapping  taking 

XI  to  D (otL)  and  0  to  0  is 

(0.2) 

so 

=  (0.3) 

which  decreases  exponentially  in  J[  and  equals  0.000000603 
for  1-10  i  The  curvature  of  3X1  near  the  ends  relative  to 
X2.' s  diameter  is  @(f)  but  it  is  innocent  of  (0.3).  The 
eccentric  cigar  shape  of  XI  is  to  blame  and  the  same  would 
happen  for  the  smooth  paddle-shaped  domain  of  Figure  0.1. 

Except  near  the  ends  example  (0.1)  is  a  slender  domain. 

A  domain  XI  is  called  ?  slender  with  ?  small  (say,  o<  f <  ^  ) 
iff  3X2\<«o}  is  composed  of  two  connected  components  \V0  and 
such  that  for  each 

{  •  |w-£|  $  £  (0.4) 


3«r,  W--4 


(0.5) 
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where  <X*  W*  minimizes  It*-"!  and  XY<-f,Wo)  is  Wg's 
curvature  at  {A  .  Condition  (0.4)  requires  W0  to  be  nearly 
straight  and  condition  (0.5)  requires  W*  to  be  nearly 
parallel  to  W0  •  Parametrize  W0  by  its  arc  length  A 
starting  £rom  an  arbitrary  fixed  point.  Each  2  can  be 
uniquely  written  as 

ri&ml  0<t</c4(« I]  (0.6) 


where  AfXJ  is  the  inside  unit  normal  at  W0M )  and  Afi)  is 
the  distance  of  A(-CJ  from  Wq(4)  along  the  direction  so 

that  Wof-s; I  Wt  .  Let  us  normalize  the  coordinate 

system  (A, A)  in  an  approximately  isotropic  way 


y_/fr*T_ 


CO. 7) 


The  map  tj  f rom  ,(1  onto  I  is  quasi- 

conformal  with  ecc  entricrity  bounded  by  cf  (see  17]  for' 
definition).  Let  y  be  the  exact  conformal  map  from  12  onto-4. 
sending  to  too  respectively.  Clearly 


conformally  maps  il  onto  and  so  does 


(0.8) 
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rM-(r<fi  eecc*] 


(0.9) 


and  it  sends  OtSL  to  0  .  The  real  number  c  is  determined  by 


-2l(fO,W>0 


(0.10) 


where'll  denotes  differentiation  with  respect  to  the  first 
variable.  Formula  (0.8)  is  inserted  in  (0.9)  and  results  in 


/(<*,«, ,  Wfy>»-£gL  e-  <*f  ^fv> 
v  6*tA  [y(u>i~^Jai] 


(0.11) 


and  (0.11) *s  derivative  is 


3* /ftt,v)  =  — ( o .  12 ) 

Define  ^Y< '»/(*)  by  replacing  ^  with  ^  in  (0.11)  .  It  is  a 
quasi-conformal  map  from  J Cl  onto  0 (0,1.)  of  at  most  Cl 

eccentricity  sending  O  to  0.  Hence  fif'/V)  is  expected  to 
be  close  to  ^(’ ,  O)  in  some  sense.  Indeed  formula  (3.3)  and 
others  prove  that 

<  Cf  /  (0.13) 


where 
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“  2  <*  ”  2  * 


(0.14) 


is  defined  on  nonanalytic  functions.  Let  us  press  on  with  the 
heuristics.  Formula  (0.12)  for  ^  ^  shows  that 

/  3<*  |fr*.  0 1  /  r  _7r|  |  ”  ^  ^CAf<Ail  ~ 


r  ■  7  +  &(t) 


Aam 


(0.15) 


/U^  3*  --”‘[0,Vfo&MllWo-l  t  &(L) 


(0.16) 


where  <*(""]  is  the  change  in  angle  of  between  0  =  W0  [4(0)] 
and  t*'s  projection  on  Wa  W0C4(")1  .  Thus  globally  ^ 
perforins  reasonable  rotation  but  extreme  scaling.  In 
retrospect  it  should  not  be  surprising  because  conformal  maps 
are  defined  by  being  locally  angle  preserving  with  no  scaling 
restrictions  attached. 

Formula  (0.16)  is  easy  to  interpret.  It  obviously  holds  ' 
(up  to  translation  in  Aa^  "3^  depending  on  its 

normalization)  for  ,  where  il  is  a  general  domain.  Thus 

(0.16)  states  that  for  slender  domains 


(0.17) 
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where  the  notation  means  / /(f)  -  Ayj  and 

<5f e 2)^1  is  near  <A  ,  say  the  closest  boundary  point.  The  result 
(0.17)  holds  in  general  as  proven  by  Theorem  5.4.  Formula 
(0.15)  is  not  that  easy  to  generalize.  Unlike  (0.16),  its 
right  side  depends  on  the  structure  of  -fl  between  O-  and  U . 
The  first  question  is:  what  does  'between'  mean  in  general? 

In  order  to  gain  some  insight  let  us  consider  a  more 
complicated  example. 

Let  0  <  f  <*  1 


Sid)  =  >o  } 


(0.18) 


The  domain  (0.18)  has  the  following  property.  Any  domain  H 
is  said  to  be  a  £>Q  conjugation  of  the  domains  iff 

for  any  (/eSl  there  exists  a  VfI  and  two  complex  numbers 


such  that 


(0.19) 


&11A,  S  £ 


(0.20) 


the  distance  from  -Afa)  to  /I  relative  to  u  is  defined  by 
(10.113) .  The  interested  reader  may  prove 
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that  any  g  slender  domain  is  a  eg  conjugation  of 


JLf'Omyl  lf<^}  <0*21) 

where  00  is  constant.  Domain  (0.18)  is  a  c£  conjugation  of 
•At  and 


Aj.*'C'*+4Ut  (0.22) 

JL32  C\(-At)  *{Wm/  (0.23) 

Jl,  S  C  \  v  f-*°i ^ (Zfi+t)-T]  (0.24) 

where  is  the  closed  interval  between  01  and  -6 .  We 

have  to  match  the  conformal  maps  from  all  the  -/Lfa)  ( iA*  £1(1 )  . 
In  this  case  it  is  easiest  to  do  when  considering  ^ f* ,  <*»,  /Iff)] 
,  the  conformal  map  from  fl( f)  onto  the  half  plane  D  (—M 
normalized  by 

di  )  =  i  (0.25) 

The  domain  is  periodic  and  symmetric  so  we  can  limit 


ourselves  to 


B 

! 


<A * 


(0.26) 


We  start  from 


fwl*)  *  z  tfiot**/  e**1 


(0.27) 


f 

Tt  is  modified  to 


*>Y-*(fr)  /*- Y+<(y-m\  »€  (o.28) 

.^'[*■'41* ,Hrv]  s  2*/>C*m/  (0.29) 


where 


A*)  ».f  c-?xj  (0.30) 

TT  f<>  (0.32) 

and  the  exact  limitation  (0.28)  will  follow  from  comparison 

with  the  following  formulas.  A  priori  rigorous  bounds  can  be 

% 

derived  but  as  usual  it  is  inconvenient.  Next 

jit)  *  c ’c  e"U  (0.32) 
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(there  is  no  natural  normalization) .  We  already  know  how  to 
match  the  £[**  ,°* ,  Jifa)]  1  s  where  ./(.fa)*  :  recall 

(0.7,8).  They  match  with  (0.28,29)  and  give 


i  N* f  *<yl>'>?  ,  (0.33) 


(0.34) 


where 


(0.35) 


Now  we  can  match  ,  **> ,  Ji% )  to  (0.33,34)  and  obtain 


Vi 


(0.36) 


(0.37) 

Similarly,  ,^/JLi)  is  matched  to  (0.28,29): 

I  'ttj  +  iOf-T)  j«l  (0.38) 


14 


J  =  i *  f-  [* -  £  ti [g  - /(*)]  ]  -  ij  (0.39) 

In  particular  the  maximum  and  minimum  of  ( ]  f 
are  obtained  at  respectively  and 


(0.40) 


,  -ATM 

ti net,]*  Jfe  «  (o.4i) 

*  • 

What  have  we  learned  from  example  (0.18)?  Figure  0.3 
illustrates  the  direction  of  information  flow  (The  reverse  of 
the  direction  of  dependence)  which  were  exhibited  while 
fiC'  7  has  been  constructed.  The  situration  is  quite 

special  yet  we  have  some  grounds  to  suspect  that  in  general 
<)*  ^(<*,0,12 )  and  other  functions  depend  mainly  on  /2's  part 
'around'  the  curve  of  least  Euclidian  distance  between  o  and 
< a  inside  H .  A  close  inspection  of  (0.27-38)  reveals  that 
the  above  mentioned  curve  from  to  <4  resembles 


P('~f<rf(12j*{*v*.a  I  }  (0.42) 

The  curvces  rtc.u.JL)  are  called  geodesics  because  they  are 
the  geodesics  of  a  certain  conformally  invarient  metric 


IS 


f  (**, O,  -0- )  of  Theorem  1.1.  Some  geodesics  of  are 
illustrated  in  Figure  0.4.  Notice  for  any  two  far 

away  the  most  of  Li)  is  exponentially  close  to  vtt's 

axis  ot  symmetry.  Theorem  8.3  demonstrates  that  in  general 
the  geodesics  try  to  keep  away  from  the  boundary. 

The  connection  between  geodesics  and  lines  of  least 
Euclidian  distance  is  proven  in  Theorem  9.2. 

Now  that  we  have  some  idea  on  what  'between'  and 
means  it  is  time  to  find  out  how  the  rest  of  IL  affects 

il)  and  other  quantities.  For  that  purpose 
let  us  return  to  €  slender  domains  and  compute  a  next  order 
correction  to  (0.7).  We  start  by  calculating^^.  The 
gradient  ot  (0.6)  is 

(0.43) 


and  of  (0.7) 


Formulas  (0.43,44)  combine  into 


(0.44) 
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Define  the 


/v 

1 


TT  *  I 

A  in  4  ctj  ft 


correction  furnction 


d  01 


9*'f  f 


(0.45) 


(0.46) 


Then 


$ 


3*f*'-**f  s~z;r< 


*  -2J7V 


(0.47) 


(0.48) 


where 


r  *  ±nt 4(«\  ^  iv,  tfufftfl 
Notice  that  il  is  d^r)  slender  iff 


(0.49) 


-£*^2  I  |  5  C£  (0.50) 

4 it'll  ' 
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Problem  (0.47/48)  has  a  unique  solution  up  to  an  additive  real 
constant 


(0.51) 


m) *  -  i  - 

a1 

-  /^V/|  (0.52) 


where 

/ dxtjl  *  M •  d ■dm  hs  (0.53) 

Fromula  (0.51)  is  an  integral  equation  of  the  first  kind  which 
can  be  iterated  to  convergence.  The  first  order  correction  to 
of  with  some  modifications  is 

ff//i  1*\&tJL((/-W) +/*!**>  y'h~S(t/-W )]  /jf'wj  (0.54) 

'  n 

where  we  have  and  wili  abbreviate 

t /*^> )  ,  V*  tj(V)  ,  W=  (0.55) 

Recall  (0.11) 
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(0.56) 


SO 

in*  *»  $v\  fi’tl'i/Vl  “r 

+^[UIM)  k(U,VtW)+jtt?l  K/tyV, &*<%)]  iS'Wl  (0.57) 

K (u,v,w)  -  rv-v)  [*M (</- w)  -  tt'ttfv-wi]  - 

((/-VI  [cv^(  ((/-W) -Wfy-Wj]  t 

+  -£-W*/"Vvr-w/  -  y  '7-wr)  - 

—  _  i  (* {/- V )  &yiA((/-V  jj  ^ q  58) 

~  l-M((/~W  -isVK/W-W)  44*/ r  V-W)  [  **>J(</-W)  ~  C*iA  ('V-WlJ 

and 

<^1  3* s  ^(tot9l  (0.59) 

so 


JL  7>"  (j«a.  - 

[/*(wL(i/,v,w)*j*<WL(v,v,Wrr'fi']\d'lwl  <0*60 

SL 


L«/XW)  =  K((/.V,W}  + 


^tjKfU.V,  W>  _ 

^(/ 


_ ^ _ 1 _ ^ _ f  c&(i±Ly)4+Jt({/-v) 

7.44* /(tf-W)'HAi/.(V-W)  ■***/( 7-W)  L 


£&l(l>iAnV}£W^X-V)  tZ  **n/ (1/-V)  *t!*/{(/-V)  1  (0.61)  ! 

6*vA ( 7- VS)  -t4nA(l/-W)  J 

If  we  assume  that  jaM)  is  not  only  of  order  £  but  is 
also  slowly  varying,  for  instance  |  iC  £z 

then  the  integration  in  (0.57,60)  can  be  done  explicitly.  Of 
course  that  results  is  much  easier  to  derive  directly  and  is 
of  no  interest  to  us.  What  we  have  wanted  and  obtained  is  the 
relative  dependence  of  < on  the  boundary  part 

W0([4-%At,4  *4]  )  centered  at  *J*W0(4)  of  length  A4  . 

When 


o<a*</mk  l«-vl ,  lv-*>l 


(0.62) 


the  contrlling  factor  of  6L's  influence  is 

c$m' f™  {*r\ pm  fa 


(0.63) 
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The  asymptotically  correct  term  is  the  same  with  ^  replaced 
by  tj  .  A  graphic  interpretation  of  (0.63)  follows.  In  order 
to  affect  '7>4A^U,4})  the  data  about  Q  's  shpae  must  travel 
from  8.  to  (A.  It  is  provided  a  free  ride  in  /l's  portion 
between  u.  and  O  (in  general  on  the  geodesic  1  between 


4  and  (J  )  but  it  must  pay 


IT 


per  distance  for  travel 


zACMyl 

around  any  point  ^  not  between  <a  and  {/.  The  data  is 
thrifty  so  it  will  move  along  a  geodesic  (a  cost  minimizing 
curve  which  turns  out  to  agree  with  0.42)  to  some  point  O- 
between  o  and  m  and  will  then  enjoy  a  free  ride  to  {j- .  The 
optimal  choice  of  &  is  the  middle  point  among  4fr{/,  co  .  Let 
us  call  the  total  minimal  cost  CVz  </J  .  Then  when 

the  Q.  data  reaches  its  intensity  is  demini  shed  by  a  factor 
of  e*' *  .  A  similar  situation  holds  for  other  function  of 

the  conformal  map  besides  ^rv»,  </)  ,  except  that  the  ride 

on  the  geodesic  between  and  {/  is  not  free  but  on  a  reduced 
fare.  For  instance  (0.57,58)  shows  that  the  controlling 
factor  of  fi's  influence  on  JL\  is 


which  means  that  the  travel  on  is  done  on  a  half  fare. 
Notice  that  this  does  not  change  &  ,  the  point  of  transfer  to 
Pfv\,v)  • 

Now  that  we  know  what  (0.63)  means  let  us  understand 
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is  simply  the  decay  of  a 


where  it  comes  from.  The  term  e 
Dirichlet  or  Neumann  data  from  Q.  to  and  is  already 

present  in  v"  54).  However,  in  the  computation  of  (0.58)  a 
cancellation  has  occurred  and  another  C  has  appeared. 
Lest  it  look  like  a  freak  accident  let  us  derive  it  from 
another  point  of  view,  close  in  spirit  if  not  in  technical 
complexity  to  section  10' s.  Suppose  that  Ti  is  not  only  £ 
slender  but  is  £  close  to  jt .  If  is  between  <a  and  V- 
than  so  let  us  consider  if  between  u  and  (the 

remaining  case  is  similar) .  Define 


j  -  A*  0 


(0.65) 


The  domain  is  close  to  the  unit  disk.  The  image  of  6? 

has  length  of  order  .  A  major  change  in  Q  modifies 

by  a  region  away  from  whose  area  is  of 

order  (e1^  AJt ) 1  .  The  details  will  be  presented  in  Section 
10  but  it  takes  no  great  leap  of  imagination  to  conclude  that 
Q  '  s  effect  is  at  most  proportional  to  that  area,  and  that  is 
where  the  extra  pV5'*  comes  from.  What  about  ?  It  is 

normalized  so  that  and  f  or  If {{W)  +  H 

is  of  order  so  Q  's  influences  on  is  of  order 

The  interpretation  of  (0.63,64)  was  chosen  so  that  it  is 


generalizable  to  arbitrary  domains,  with  some  modifications 


The  asymptotic  theory  has  to  be  replaced  by  estimation  up  to  a 
constant  factor.  The  measure  ja  of  il's  deviation  from  .A's 
shape  is  special  and  anyway  there  is  no  ideal  general  domain. 
Instead  we  will  pick  a  wide  challange  and  consider  a 
perturbation  of  a  general  domain  /l  to  a  specified  general 
domain  H  .  We  will  divide  the  perturbation  into  parts  and 
prove  in  Theorem  10.5*  that  each  such  part  Q.  of  diameter  4.A 
centered  at  affects  by  which 

is  a  generalization  of  <0.63)  with  Ija(Q)  I  replaced  by 
.  The  term  ia,H)  )  will  be  first  encountered  in 

Theorem  8.6  and 

4?  <?(**, (0.66) 

0*PCVI,V1 

The  general  interaction  between  <a,  if,  w  and  &  is  described 
by  Theorem  4.6,  which  should  be  combined  with  Theorem  9.2. 

The  local  length  scale  A  C-i  f-W)']  will  be  generalized  into 
of  (9.2).  Its  dependence  on  </t,if  is  unfortunatly 
unavoidable:  consider  a  half  plane  IL-  Of®0)  .  The  lack  of  a 
local  length  scale,  except  of  4^  which  vanishes  on 

the  boundary  is  the  most  important  general  indegredient 
missing  in  slender  domains.  It  is  not  fortuitous  that  the 
conformal  metric  p(4A,{f)  blows  up  at  the  boundary. 

Our  examples  were  mostly  of  smooth  domains  but  notice 
that  domain  (0.18)  has  a  very  sharp  bend  at  -~-M7T,  which 


coer responds  to  jt^'s  corner/  and  it  did  not  distrub  us  from 
completing  a  uniform  asymptotic  approximation.  Theorem  (10.7) 
proves  an  interesting  property  of  a  fractal/  which  is  the 
applied  mathematician's  ultimate  in  roughness.  However/ 
throghout  this  thesis  we  insist  on  obtaining  specific 
estimates  at  specific  points/  in  contrast  to  the  'average' 
type  approach  of  P.D.E.  Theory.  That  is  an  advantage  when  it 
works  but  it  fails  near  a  rough  boundary.  In  Section  5  it  is 
shown  how  to  patch  our  results  with  P.D.E.  Theory.  Some 
synthesis  is  clearly  required. 

Let  us  now  consider  the  numerical  computation  of 
conformal  mappings.  As  remarked  earlier,  any  Laplace  solver 
will  do.  Suppose  that  the  domain  fi  is  covered  by 
points, V  of  which  are  on  the  boundary  DSl.  Then  a  Laplace 
solver  requires  storing  numbers  and  performing  from 

N)  to  OiN1)  operations,  where  the  last  estimate  is 
more  realistic  for  complicated  domains.  The  grid  set  up  is 
troublesome,  especialy  for  multiscaled  and  time  dependent 
(free  boundary)  domains. 

One  way  to  avoide  an  internal  grid  is  by  using  a  vortex 
representation.  That  results  in  an  integral  equation  of  the 
first  kind  which  is  numerically  formulated  as  a  set  of  A/xyV* 
linear  equations.  It  can  be  solved  by  by  Gaussian  elimination 
which  requires  @(k/x)  memory  locations  and  operatios. 

Alternately  one  may  iterate  the  system  using  @(A/)  memory  and 
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$(Vl)  operations  per  iteration.  This  is  the  numericl 
approximation  to  Neumann's  series/  and  the  later  is  gaurenteed 
to  converge  for  any  single  sheeted  domain  satisfying  some  mild 
conditions.  The  best  existing  Rayleigh-taylor  instability 
simulation  has  been  done  in  that  way  by  Baker ,  Meiron  and 
Orszag  [12] .  it  is  relatively  easy  to  program  and  generelizes 
to  3  dimensions.  Moreover  it  can  handle  two  incompressible 
fluids  problems  which  conformal  mapping  alone  can  not  solve 
unless  the  fluids  density  ratio  is  0  or  1 .  However 
Neumann's  series's  convergence  is  precarious.  The  rate  of 
convergence  for  the  domain  Si  equals  that  for  its  exterior 
domain  £\QC and  in  particular  convergence  fails  for 
multisheeted  domains  and  is  very  slow  when  two  separate  parts 
of  “<)JI  approach  each  other.  The  domain  (0.18)  requires  O(j-) 
iterations  per  order  reduction  in  the  error.  Moreover  the 
Neumann  series  seems  hard  to  modify  in  a  way  which  will 
extract  a  singularity  such  as  a  corner  and  still  preserve 
convergence  for  general  domains. 

The  most  natural  numerical  conformal  mapping  computation 
is  done  by  taylor  expanding  the  conformal  function  from  the 
unit  disk  onto  il .  Several  such  methods  are  listed  in  [91. 
The  best  of  them  takes  only  Q-(M)  memory  locations  and 
operations  but  we  have  seen  that  the  series  will  not  converge 
to  domain  (0.18)  before  terms  are  taken. 

The  first  dirct  computation  of  the  conformal  map  onto  a 


cigar  shaped  domain  has  been  done  by  Maniko£f  and  Zemack  [  ] . 

Their  method  is  to  set  up  a  system  of  nonlinear  equatins 

and  solve  them  by  Newton  iteration.  Each  iteration  takes  Q(AA) 
memory  and  (9 (A/3)  operations  and  only  few  iterations  are 
required. 

Any  partial  differential  equation  on  a  time  dependent 
domain  can  be  solved  by  a  Green's  function  method  which 
utilizes  only  boundary  data.  This  is  not  usually  done  because 
it  takes  (9{NX^  memory  locations  and  operations 

in  cL  dimensions  which  is  unresonable  for  .  For  the  V2 
operator  in  2  dimensions  better  can  be  done  because  then  the 
Green's  function  GCu,a,-(l)  is  consructable  from  G  (o,  {/0/  jft.) 
and  its  harmonic  conjugate  where  o0  is  constant.  That  is  the 
basis  of  our  method,  though  it  will  be  presented  in  a 
different  way.  It  takes  @(A/)  memory  locations  and  @  ( A/z) 
operations.  Its  other  virtues  will  be  described  in  section 
11. 


L.  The  Conformal  Metric. 

Throughout  this  thesis  il  is  assumed  to  be  a  simply 
connected  open  subset  of  the  compact  (with  oo  )  complex  plane 
such  that  £\SL  contains  more  than  one  point,  unless  stated 
otherwise.  The  Riemann  mapping  theorem  states  that  -ft.  can  be 
conformally  mapped  onto  any  other  domain  satisfying  the  above 
mentioned  requirements.  For  each  <9*Sl  let  ^(-,0,11) 
conformally  map  fl  onto  the  unit  disc  and  send  O  to  the 
center : 


=  or<a,i/=«Q / 


(l.i) 


j(v,<s,SL)*0  d.2) 

The  mapping  function  {f  is  unique  up  to  rotation.  The 
necessity  of  specifying  O  is  a  nuisance  but  is  also  a  very 
useful  theoreticl  tool  because  it  allows  us  to  focus  on  any 
part  of  il  at  will. 

The  following  theorem  is  the  cornerstone  of  our  approach. 
It  ia  original  in  spirit  though  the  results  are  classical 
except  for  (1.3). 
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Theorem  1.1:  For  any 


-  (1.3) 

V  64r*A.z-j?(4A,<S'H) 

I  =  tan/  (1.4) 

where 

P^il)  '  ht  t((A,(f,Sl)l  (1.5) 

l<J]l  (1.6) 

r  n^u.v.si)  n  J  * 

Sc(vi,tt,Jl)*£c*w  n  i  r*Sic  (A,v*rc  J  (1.7) 

The  function  is  a  conformally  invariant  metric.  In 

particular,  it  is  symmetric  and  satisfies  the  triangle 
inequality.  The  functions  Jb\  F(  fo )  and  Ffu)  are 
subharmonic  and  satisfy 

rf-JLF  «4Fl  (1.8) 

The  open  geodesic  P(U,(*)  exists,  is  unique,  analytic  and  is 
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characterized  by 


*5n  ^  F  *  -  K  O*  P 


(1.9) 


where  A  is  the  normal  and  X  is  its  curvature  of P.  The 
global  geometry  under  distance  p  is  Lobachevski' s  hyperbolic 
geometry.  Thus,  for  any  ^[jh(i*,9i ,V]  is  a  circular 

arc  orthogonal  to  the  unit  circle. 

Proof:  Clearly 


h”'  0(0,1)] 


(1.10) 


(1.11) 


Differentiation  with  respect  to  a  gives 


7k,/(U,a,Sl)  . =  -  ,,  (1 

o  v  [i-j(U,»,a.)  flu,  »,&)]*■ 


.12) 


-t 


(1.13) 


Obviously 
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(1.14) 


l7fj  'fa'I  *  <  3 ifa’1 

with  equality  i£f 


(1.15) 


Thus 


a-16i 

^  tfiyl  <  F/p  (1.17) 

Integrating  on  any  Pe^C^if)  provides 


aMAod  /^J)/  £  f  Ffj)  Jof'j/  (1.18) 

Equality  holds  iff  (1.15)  is  satisfied  on  all  Z7  ,  which 
happens  iff  jj(P)  is  the  straight  line  between  0  and  . 

We  have  just  proven  (1.4)  and  characterized  the  geodesics 
which  pass  through  O-  .  The  generl  geodesics  are  obtained  by 
(1.10,11).  Inserting  (1.4)  in  (1.13)  gives  (1.3). 

Formula  (1.9)  is  the  two  dimensional  case  of  Euler's 
equation  of  geometrical  optics.  In  order  to  obtain  (1.8)  take 


•j  n 


the  logarithm  of  (1.13). 


Xf  F  -  /It  Ivy  dLfi  -  h( l- ex^~) 


where 

X  *  &  -h*  ^ 

Bence 

'VA  ~  (  At  dfh  ^  ,  4^n  ) 

i vAi  * (eA- £* ) p 

and 

V-l~h-eUl:  vt 

v'-^F  *  TT^nr  4  pl 
(l-e**  JL 


While  proving  (1.18)  we  haven't  actually 
univalence  of  f  or  on  its  being  onto  Oft?,!/  . 


(1.19) 


(1.20) 


(1.21) 

(1.22? 


(1.23) 

(1.24) 


relied  on  the 
Thus  we  have 
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proven  Schwarz's  lemma  which  is  formula  (1.28)  of  the 
following  amalgamation  of  monotonicity  results  about  F,-f>  and 
the  harmonic  measure 


W^t,(3,Sl)  jj(W,0,SL)  Wc^Jl 


(1.25) 


Theorem  1.2:  Suppose  that  ^  is  a  nonconstant  analytic 
function  from  Hi  into  IL-l 


and  Then 


(1.26) 


(1.27) 


and  equivalently  for  any  4A,v*rii 


/>(iA,v,n  t)  t] 


(1.28) 


For  any  f\l£lx 


id  £ 


Affix  (s 


(1.29) 


and  equivalently  for  any  W*  a  Oilj. 


(1.30) 


Proof:  Formula  (1.27)  is  well  known  and  trivial.  It 
combines  with 


/-Qi)  J  <=■  ^  SLi  ] 


(1.31) 


to  reprove  (1.28).  In  turn  (1.28)  can  be  inserted  in  (1.3) 
and  gives  (1.29)  with  the  left  hand  sum  restricted  to  a  single 
j  which  is  satisfactory  when  ^  is  univalent.  Formula  (1.30) 
is  the  integral  of  (1.29). 

Here  follows  the  general  proof  of  (1.29).  Normalize 


(1.32) 


<3  *  JOs)-  1  , 


(1.33) 


Because 
that  ffj) 


D(**) 


it  follows  that  for  any  7$  0C«*j  such 


J«OOf«*)  (1.34) 
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(1.35) 


Moreover  for  any  "30 (<*) 


Thus  (1.29)  is  rewritten  as 


i'j1 


£  i 


Clearly 


i'^'  "  "  *'3>  "^F 


and  for  ^006*) 


(1.36) 


(1.37) 


(1.38) 


*«,M  '  7^F,>0 


(1.39) 


so 


fcfl'Z"  ]  *0 


(1.40) 


which  proves  (1.37). 
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In  most  applications  of  theorem  1.2  is  the  identity 
map  or  the  cover  map  of  a  multisheeted  domain,  which  will  be 
defined  in  section  3. 
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2. 


Conformal  Mapping  onto  a  Half  Plane. 

We  want  to  extend  £(■  tW,£L)  to  O* s  in  the  boundary. 
But  "dSL  is  not  always  the  right  set  to  study.  For  example  the 
point  1  on  the  boundary  of  C  \  /  J>0^  is  really  two 

points:  0-»(M  and  O-Q‘4  .  The  simplest  solution  to  our 

problem  is  to  let  some  distinguish  between  the 

points.  The  set  is  the  smallest  H  completion 

which  has  a  continuous  extension  of  the  identity  map  . 

Similarly  let  -0A=  Slu  cLQ.  be  the  smallest  _fl  completion  with 
continuous  extensions  of  both  and  /(^U'SL)  for  some,  and 
hence  all,  tjr£l  .  The  set  <)il  can  be  represented  as 

(V,  ,  <pf  SI  ; 

;  <2.n 

For  each  4f<%SL,  let  /(■,</,  ilj  be  the  conformal  map  of  XL 

^  / 

onto  a  half  plane  whose  continuous  extension  to  i2r  sends 
tooa: 


£(  s  D(<*)  a  *Q|&  >  0} 


(2.2) 


This  determines  ^  up  to  scaling  and  translation.  The  maps 
where  U<£L  match  those  where  yf^TSL: 

Theorem  2.1:  For  any  there  exist  two  real 

functions  ft  and  X  such  that  for  each  UfSL , 


(2.4) 


0« 


p(<9)-*0 


(2.5) 


Proof:  Take  some  wl I.  Rearranging  (1.10,11)  results  in 


/(u,  is)  *  -  ef*  *  ft-A >  -fijjdHi+e'* 

V  1  a  etmC 


where 


s  ,  J\>Q 

Let  Then  £l<J,U)  -*>  *f)  so  so 

The  function  K  conformaly  maps  D(cit)  onto  £)(«+)  and 


(2.6) 


(2.7) 


(2.8) 
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to  o»  so 

kCjjfHtU)]  *  *  (2.9) 

where  <x  is  a  scaling  constant  and  ^  is  a  translation 
constant.  Combining  (2.8,9)  with  (2.6)  proves  (2.4)  with 

jg*a(l-J\)  (2.10) 


r=  +  (2.11) 

The  rotation  factor  in  (2.11)  is  associated  with  f  because  jj 
.is  not  unique. 


Theorem  1.1  is  easily  extended  to  the  boundary. 


Theorem  2.2:  For  any  U,ty(JX 

>  r-T 


.  EMI  srif  f  i*  eVrw,v)  ]Z 


(2.12) 


(2.13) 


- - -  _ -  -  -iMMrttffcld'illlf  ■  I  i*  • 
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(2.14) 


7 

and  the  limit  exists  alttough  .  For  any  U0*P< u,V) , 

WotPfUtiS) 


<  ftbfU'Uo) 


(2.15) 


in  particular 


|  <l>(i*,u*,ij)  |  4  p(iA,<A» 


(2.16) 


Suppose  Then 

-  \.d)  (  i *i  ir),  if-  ) 

=  e  T 


JklCiLlLL 


(2.17) 


Proof :  When  </*-£!  formula  (2.12)  is  an  immediate  consequence 
of  Theorem  1.  Suppose  fund  let  .  Formula  1.4 

implies  that 


MU, 9)’  iiU 


(2.18) 


according  to  Theorem  2 


*  -  fi(0)  fo  {j/»,  d)  *  Q(ffV)) 


(2.19) 


p(U,\S)  --  ■£ 


\«3)  &J  A«A  ,i3\ 


t  on.) 


(2.20) 


Thus 


JjL&ssJji  +  e(i) 

Rj/fV/V) 


(2.21 ) 


which  proves  the  existence  of  V)  and  formula  (2.17). 

Formulas  (2.12,14)  for  (#«il  imply  (2.12)  for  .  Formula 

(2.15)  follows  from  the  triangle  inequality  for  the  metric  p  , 


We  had  to  consider  ratios  of  ^  at  different  points 
beause  in  general  there  is  no  natural  normalization  of 
l<-,9  )  .  When  *li£l  and  the  boundary  is  smooth  neare*  so 

that  the  following  derivative  exists,  one  normalizes  by 


(2.22) 
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3.  Estimates  of  £_. 

tn  order  to  apply  theorem  1  we  need  to  estimate  F-  as  in 


i  Frp  $  FiQ)  (3.1) 


Once  suitable  estimates  <3.1)  are  obtained,  we  get 

.  vW  f  PS J)  //]/  «  ft*,*)  < 

Pfifu,*)  Pi 

3  [  PVJ?  V  (3.2) 

When  XL  is  symmetric  with  respect  to  reflection  in  the 
straight  line  betweenn  u  and  O  the  minimization  over  curves 
is  unnecessary  because  then  P(vt,&)  is  that  line  and  it  does 
not  matter  whether  it  minimizes  [  P±  or  not.  For  slender 
domains  one  can  construct  a  f <* 1  eccentric  quasi  conformal 
fi(',(9,£L)  onto  vt  *  Then  the  minimization 

can  be  avoided: 


1-f 

‘i-e 


< 


(3.3) 


and  a  similar  upper  bound  holds. 


There  exist  several  classical  results  concerning  Fl'jJ  . 
Some  of  these  results  will  be  stated  as  theorems  3.1,4.  The 
connection  to  the  general  problem  has  not  been  used  previously 
to  the  best  of  my  knowledge. 

Theorem  3.1:  For  any  J1  where  il  is  allowed  to  be 
multisheeted  with  at  most  fl  sheets 

^  JUpldA-lAI  <  F«J,SlU 

a>0l  (3.4) 


A  -  1^0- (if,  fi)  =  — - 

C 


(3.5) 


Conjecture: 


lOA-V-Al 


(3.6) 


Equality  holds  iff  A  is  the  regular  circular  3-gon  of  angle 

IT 
—  * 


O.StfO  <  =  ^  Q.S** 

XT 


(3.7) 
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Corollary  3.2s  Suppose  that  <S*l 1^».  Then 


1 

*  Jttolll 


s  P((f,SL  < 


t 

JU(9,1 1) 


(3.8) 


(3.9) 


The  left  side  inequality  of  (3.8)  is  known  as  the  1/4 
circle  theorem.  Thus  even  such  a  crude  geometrical 
consideration  provides  F  up  to  a  factor  of  2.  The  advantage 
of  over  the  pair  for  the  purpose  of 

estimating  F((S,Sl ]  is  apparent. 

A  slight  sharpening  of  corrolary  3.2  will  be  useful 
latar . 


Theorem  3.3: 


F(V,J l)  >, 


For  any 

i  rl<f  *(*,&)  1Z 
tfn.(<9,SL)  L  I  Oil-  (fl  J 


(3.10) 


Proof:  Normalize  (3-Q  and 

Il(C,£L)' <A>0  u<  7)Sl 


(3.11) 
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Denote 


a* 


(3.12) 


fV=  zf  uiAvfa.o.a.)] 


(3.13) 


(3.14) 


The  function  z?  is  univalent  from  b(0,a)  thus  ^  is  univalent 
from  0(0,1)  onto  K-Q.)  .  By  Corollary  3.2 


FH[Qt2(Qi]  * 


(3.15) 


F^fOfXLX 


(3.16) 


Accurate  F  bounds  are  obtainable  by  applying  theorem 
1.2  to  iZiC-fticIIj  where  are  known.  Requiring  ilj  to 

be  simply  connected  may  be  very  inconvenient  because  it  must 
depend  on  X2  's  global  structure.  Instead  we  can  take  a 
multiconnected  £Li  and  define 
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Ft(V,fLz): 


a  t  SLeHijXl  eijr/rj^Aid  }  (3.17) 

Corollary  3.2  Is  of  that  type  with 

Slx*£\0+,f>y  f*7&A  &&>*(*,&)]  (3.18) 

The  general  stationary  condition  on  O.  is  that  it  equals  Slt 
minus  some  curves  connecting  components  and 

/  O,  ft ) )  is  continuous  across  these  curves.  It  is  a 
hard  problem  even  for  simple  domains. 

An  easier  approach  is  to  cover  with  a  simply 
connected  multisheeted  domain 

.  £2*  *  £LX)/H  (3.19) 

where  (S*SLZ  is  arbitrary  and  R,  is  the  homotopy  relation 
between  curves  in  flz  with  fixed  endpoints.  The  cover  map 

T*w(-,Slzi  :£ix*-»£U  (3.20) 

simply  sends  each  curve  to  its  endpoint.  For  example  an 
annulus  is  covered  by  a  helix  and  in  accordance  with  Theorem 
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d 


1.2 


Ffj, (Dll)  VOW  tyXjU  > 

>  — ,  7  =  Pf*?,  0(0, t)]  (3.21) 

±-ftr  0 

Lower  bounds  and  a  useful  frame  of  reference  are  provided 
by  the  capacity  inequality. 


Theorem  3.4 :  For  any 


F«?,fL)  • 


e 


(3.22) 


VU):  {(l* - - -  Jl'Vi.)  (3.23) 

4*ru)  j>  i  w»-  Wxi  c  c 

TCM  =£/naa*(W  0*  J.  (3.24) 

When  ^J2  is  a  Jordan  curve  a  minimal  exists,  is  supported 
on  ^-/t  and  equals  there 

%(W)*  £r<*(w  A)  (3.25) 


4  fi 


Formulas  (3.22,23)  have  a  physical  interpretation.  Charge 
lines  of  total  charge  1,  perpendicular  to  the  complex  plane 
are  distributed  in  I)  according  to  ^  •  They  arrange 

themselves  so  as  to  minimize  the  total  energy  V  .  The 

A 

resulting  potential  at  utC  is 


SLj  - 


r 


u*A 


(3.26) 


l)  U*£\A  (3.27) 


where  the  Green's  function  is 


(3.28) 


•o 


(3.29) 


and  is  harmonic  in  fil  .  Notice  that 


(3.30) 


RM) .  e*'**'n' 


(3.31) 


Theorem  3.1  follows  easily  and  "naturally”  from  theorem  3.4. 
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Let  us  prove  a  distortion  Theorem: 


Theorem  3.5:  For  any  f  Q^atii 

Q£0,fl==--tl  c  g  b[0,<*l  (3.32) 

0[0,-j^~]  <z  j[0«>,*),O]*D[0,*F(&)(irV]  (3.33) 


^P  I  Ay  Ay  fa-v)  difiiwil  I  * 

$  -  —  ^  OACsiortAt* 

TT 


where 


&*c<a(o) 


(3.34) 


(3.35) 


(3.36) 


Proof:  Normalize  tfs.0  f  A(i/)  =  1  .  By  definition  D(0,i)c.J2 
so  for  any  wOD(o,<*j 


p(u,o,SL)tfCi*,0,  DfO/U] 


(3.37) 


l  l  £  6Acfa*A  <* 

which  proves  the  right  hand  inequality  of  (3.32).  The 
hand  inequality  is  obtained  as  follows: 

P'V-tt)  ‘fACU'SL)  4 


p(iA,0,£L)>  *  |-inC t+*) 

In  order  to  prove  (3.33,34)  define  the  analytic 


Por  any  </(OOfC,i) 

fit  ej(<A\  i-$n  PI 0,11)  4 

F'KO'jCQfO'U'O'ILl)  <■  ) 


(3.38) 

left 

(3.39) 

(3.40) 

function 

(3.41) 

(3.42) 

(3.43) 
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F(V,SU  <  'tlfl(iA,0,SL)\ 


(3.44) 


In  conclusion 


Hence  for  any  <A*b(0,<x.) 


^CO, <4,  0(0,1)]  't'flO,  pw,Al 


AmAhmAj  >  OAtAasrU  I 


0(o,-<) 


(3.45) 


(3.46) 


(3.47) 


(3.48) 


(3.49) 


which  implies  (3.33,34). 


Miscellanous  Results 


’a 


Geodesic s 


In  this  section  we  will  prove  some  properties  of  the 
geodesics. 

Lemma  4.1;  For  any  (a,v*SL 


«<SSf£f f 


Proof:  Let  .  Then 

f«-JI  «  > 

for  all  The  region  of  ^ '.s  satisfying  (4.2)  is 

connected  and  contains  but  not  (/  (unless  <A~  ib  ) 

(4.2)  holds  for  all  jsCNil  .  Equation  (3.23)  can  be 

modified  by  distributing  the  lines  of  charge  in 

£\iJ?  • - i - tu  instead  of  ,J&)  : 

Zrvtf-(u,Sl) 

VU)  \2ftssi,  XI 


Obviously 


fii 


thus 


V(A)  <  t  iA*  y 

which  proves  (4.1). 


(4.5) 


Theorem  4.2:  Suppose  that  and  ^/V*,<v7,J2i)  can  be 

analytically  continued  to  a  univalent  (one  to  one)  function  of 
< jfJl  .  Then  XIi  is  strongly  convex  in  the  hyperbolic  geometry 
of  I\  s  for  any  either 


c  Xli 


(4.6) 


or 


PfattylL)  c  'Sili 


(4.7) 


(4.8) 


Proof:  Clearly  we  can  assume  that 
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(/,  <?  *  “9  Hi 


(4.9) 


The  extended  d  conformally  maps  il 

ill  onto  Of**},  w  to  0  and  (*  to  oo  .  Thus 

£is0(*l  ,  <A-0  ,  i?'oQ 


Define 


ft  *  (  lAel  +  id*)  Pfo,**,! 1) 


Lemma  4.1  .implies  that 

Fcfr.ri)  iPcr.m 


Clearly 


\rf\  -- \Jr\ 


so 


(  *  fptyJWj/  -■  fno,», 

P  n 


onto  some  domain , 
ve  can  assume 

(4.10) 


(4.11) 


(4.12) 


(4.13) 


12)  (4.14) 


but  P( o,o*,  il)  uniquely  minimizes  the  integral  among  all 


curves  in  C  f <?,«*»,  .fl )  so 

RtP  >r0  (4.15) 

The  integral  will  diverge  iff  0  or  w  are  in  Di2  but  then  we 
take  neighbors. 

For  any  itft  P(0,<»i  &  )  ,  fUW'lO  so 

0  (*>)<r£L-V  (4.16) 


so 


Rt[n  (4.17) 

thus  R*  P  (Q,**  ,Sl)  is  monotonically  nondecreasing.  If  (4.6) 
is  violated  a  part  of  PfO,<*)  is  a  straight  line  in  DOO*>i  . 
It  is  always  true  that  (0,**)  t  Q 7  is  a  straight  line  *so 
the  Schwarz  reflection  principle  implies  that  all 
PfOfAld 0f<*)  and  -06*)cJ2  which  proves  (4.7,8). 


The  univalence  reqiment  cannot  be  weakened  even  to 
^4*  for  all  <A fii  .  For  example  take 

c  {4*18) 
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Theorem  4.2  is  intended  to  confine  geodesics  but  it  has  some 
spinoffs  about  univalent  continuability.  For  example: 


Corollary  4.3:  Suppose  that  He  0(6, a)  and  o-,iL) 
can  be  analytically  continued  to  a  univalent  function  of  all 
u*0(6,  2a)  .  Then  H  is  convex. 

Proof:  For  any  apply  Theorem  4.2  to  fie  Hi  where 

is  the  disc  whose  center  is  on  the  straight  line  between  it 
and  which  contains  and  is  tangent  to  Of 9,  a)  . 


The  following  result  shows  how  a  geodesic  between 
boundary  points  is  perturbed  when  the  domain  is  perturbed. 

Theorem  4.4:  Suppose  that  Hit  12 

^H  n  3\£li  (4.19) 

and  <a,v  are  in  the  same  connected  component  of  ^12  \  fh  as 
well  as 

W/iWi  (4.20) 
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W  *^W<X,£q\IU) 


(4.21) 


Wt*  ^ ( dc (4.22) 

where  £vn(<A,< R)  denotes  the  connected  componet  of  which 
contains  U .  Then 

P(X,VtIl  i)«  Co»[wit  Ilf  \P  ($,$,&)  ]  (4.23) 

Consult  Pig  4.1  . 

Proof:  When  i2  and  X2i  are  disjoint  the  theorem  is  trivial. 
Oterwise  define 

I'll- £<^(£1,  6\ VVc\Wi  ?  (4.24) 

Clearly  (luSU^SLi  .  Let  us  change  SL(0):SL  to 
continuously  and  monotonically.  A  particular  scheme  will  be 
given  in  Section  10.  Take  (<a,?)aW  t  (ft 

where  •  For  any  04^*1  there  exists  a  such  that 

m 

(4.25) 
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Then  Theorem  4.2  is  applicable  to 


£l(t  | 

6Lr(*i  =  ^  /V,  Il£\  ,tfr,  -Cir*;  ] 

Thus 

nC«t,<?t Qrfrf+Atl 
or  equivalently 

6Lt(rt\  cGLt(d+&t) 

We  have  just  proven  that  &f0>c<3f.l)  which 
Cfrv\[Wi,-Q-x  \P(<Ai<r,£l)]  3 

Similarly 

6*/Vi,  n}\r(&l&,ai)icc(nC*tlax 

Formulas  (4.30,31)  combine  into 


(4.26) 

(4.27) 

(4.28) 

(4.29) 

can  be  written  as 
\n(#,t/,{Lx)]  (4.30) 

\rr<*,0, III)]  14.31) 
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^Wwt,  a}\  nfcc,is,nt)]  <e^^x i/Xif  \  nr*,  &,&)] 


(4.32) 


which  implies  (4.23)  . 

Formula  (4.28)  follows  directly  from  (4.26)  by  a  messy 
computation  or  a  consideration  of  the  second  variation  of 

Now  let  us  examine  internal  endpoints. 

Theorem  4.5:  Suppose  that 

nc<*,v,Ji)<.ncX,&l£i)  (4.33) 

JX,d,Xl,£l i  satisfy  all  the  conditions  of  Theorem  4.4  plus 

ndArf'JX)  c  ill  (4.34) 


Then 


Pfm/,ili)c  \P(<At  £>-£)] 


(4.35) 


cr(fA,<jtHu)c  Si±\  p"  ] 


(4.36) 
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where  CP  is  the  continuation  of  P  beyond  its  endpoints.  See 
Pig  4.2  . 

Proof:  Theorem  4.2  is  applicable  to 

SicXinl h  (4.37) 

(4.38) 

30 

<=«  (4.39) 

tznCU'V.atlU)  C  (Clntii  )\S  (4.40) 

Let  us  monotonically  transform  UfOh  Xlnfli.  to  fUHsfli* 

c*^CS£Uini\f'c(iA,v,SL)\rcn*,ulsu*nl  (4.4D 

cfiecu,v,£)\cnc{u,tf,si(>(n1  (4.42) 


Define 


as  in  Fig  4.3  .  The  perturbation  argument  which  we  have  used 
to  prove  Theorem  4.4  shows  that 

kdrA*)  (4.43) 


(4.44) 

We  had  to  use  the  fact  that  the  boundary  endpoints  of 
Cn(u,if,JXnfi )  are  in  £Lfl$lU  .  This 

^approach  cannot  obtain  (4.39/40)  because  when  Cl(6\  is 
shrinking  may  get  in  the  way. 

Suppose  that  (4.35)  or  (4.36)  is  violated  at  "time" 
but  not  before.  Then  in  light  of  (4.39,40,43/44)  the  total 
geodesics  TP Arf l  J  and  TVy  <*,<?,  12  j  *•  P ( 
intersect  at  a  point  different  from  </t,  O 

rr (vi,v,IL) /\TP(iA'V 'jxrtn]  \ {«,<;}  (4.45) 

Suppose  that  (4.36)  is  violated  and  P [</t,  */, 

(otherwise  exchange  <a,  <J  ).  Then 

PCV,Mi, £(*)]  \S  (4.46) 


So 
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Knt,v,iv)c 


(4.47) 


where  ft.(t,V,Kr)  denotes  the  R.  of  formula  (4.41)  with  -w,  {/ 
replaced  by  0,v  .  Formulas  (4.39,43)  imply  that  when  fl*  fti 

£(*,#,<*})  o /l(0,  <»,**)$  £\0.  (4.48) 

which  contradicts  (4.47).  Thus  (4.36)  holds  for  all 
If  (4.35)  is  violated  and  <2*  P(ia,  v,  il)  then 

Cnr<f,M,n{*rt  a  Si  (4.49) 

which  violates  (4.36)  for  . 

The  next  result  helps  estimating  P  flAx/iA])]  r  a 

quantity  whose  importance  will  be  seen  later. 

Theorem  4.6:  For  any  i/tl  IL  there  exists  a  (?f_Q 

such  that 

wfp[V,P(UyU/,)]< (4.50) 


Moreover  for  any 


*  m*r  «*/ /7C0,  PCUj.U/,)! 
1  <^/<2  9  '  J 


5. 


Derivatives  of  Conformal  Mappings. 


We  have  already  seen  that  the  dependence  of  the 
transformation  £  on  the  domain  H  is  pathological.  The 
correct  function  to  consider  is  ^ (ittV ,Sl)  •  Formula 

(1.3)  gives  its  real  part  and  implies 


(5.1) 


We  know  how  to  estimate  F  and  will  learn  how  to  estimate 
but  the  two  terms  may  cancel  each  other.  When  they  are 

both  <»o  .  In  order  to  get  a  useful  formula  we  apply  (5.1)  at  a 
new  center  point  Well,  subtract  it  from  (5.1)  and  obtain 

jA/^ruril  j  < 

jL  iC  (5.2) 


the  point  is  intended  to  be  near  the  geodesic  connecting  *a 
and  O- .  Clearly 

p«A,w rru,<?q  (5.3) 

The  distances  /  k?-  /W-3J2/  should  be  of  the  same 

order  as  the  local  length  scale  of  1IL  .  The  term  -2 is 
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interpreted  as  the  "global  shape"  contribution  to 

£l4>,  <71  I  and  [  7)44  l  as  the  "local  boundary" 

contribution.  That  division  is  fuzzy  at  best.  When  XI  is 
concave  near  IA  a  cancellation  is  unavoidable.  For  example 
consider  a  half  tube  ending  in  a  cone  of  angle  «< 

-fl'fjl  (5.4) 

and  let  (/Oil  be  near  the  central  corner  and  <J  well  inside 

H 


<*>1 


(5.5) 


If  <v*  is  chosen  asccording  to  the  smallest  length  scale 


<^-Z 


(5.6) 


JL*  I  3<*  *  £*-L  +  Q(l) 


(5.7) 


^  it  -»•  £  JL 


(5.8) 


It  seems  we  have  gone  too  close.  The  "correct”  V-  is 
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w*t 


(5.9) 


A  fTh,  j  -  (i-  A  f-  +  &fu 


(5.10) 


j0rv,w?  <j  t  CP  fi)  (5.ii) 

Notice  that  when  the  cocner  is  concave  •ol T  the  local 
contribution  is  positive  and  cancels  some  of  the  global 
contribution.  But  the  local  term  is  only  logarithmic  in  £  . 

Theorem  3.4  can  be  used  to  estimate  JU 
The  simplest  comparison  domain  is  the  inside  or  outside  of  a 
disk: 


r 


bro,a) 


070 


£\Q  0<o 


(5.12) 


(5.13) 


If  44  is  on  the  boundary  and  *0  on  the  internal  normal  at  M. 


44*  *30  (4,i*n  , 


(5.14) 


then 


Let  us  consider  higher  derivatives. 


Theorem 


5. It  For  any  U ,  V,  4J e  ,  A>,i 


*  4cC<9,1») 


(5.15) 


(5.16) 


•z  iMfh»‘T 


(5.17) 


(5.18) 


Proof:  Pormula  (5.16)  is  obtained  by  taking  the  logarithm  of 
(1.12)  and  inserting  (1.4).  Formula  (5.17)  is  (5.16)'s  n'th 
derivative. 


If  we  set  in  (5.17)  we  obtain  the  A>,t  analogue  of 

(1.3).  It  suffers  from  the  same  cancellation  problem.  Notice 
that  the  only  dependence  of  Jk\  <>*,  ^(<*,  O)  as  expressed 
by  (5.20)  comes  through  p .  The  term  in  the  square 
brackets  is  bounded  as  follows: 

Theorem  5.2:  For  any  f  SI 


t  v-  faMi  * 

4 r ( » i ) 


(5.19) 


where 


f'-  ^ ncv.iti]  £f  =  /7(OtKJ) 


(5.20) 


The  proof  is  an  elementary  exercis  involving 
Lobachevski's  geometry. 

What  have  we  gained  by  replacing  with  tot  ?  The  point 
is  "near"  so  the  localization  theory  of  section  10 
allows  us  to  approximate  ^  j(<*tiJi£L )  by 

-At  ^  (a ,  *J,  it )  where  ft  equals  II  "near"  <*,<**•  and 
omits  the  rest  of  the  domain.  Thus  It  is  relatively  simple. 
How  to  estimate  7>£ 
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Theorem  5.3;  For  any  kf(-£L  the  following  functions  are 
analytic  in  UeS l 


(5.21) 


A(<A,u,fL)  =  <[&  D*, 


(4a,  *>,11/  ] 


(5.22) 


and  satisfy  the  boundary  conditions 


A 


it;  *  /<*-*>/ 


(5.23) 


R<  ■A(iAlHf,h}  s  Q  (lA,k/,  "<)Sl )  (5.2 

where  & (u,*J,7)£i)  is  the  angle  of  the  outside  normal  to  DJI 
at  44.  relative  to  the  straight  line  between  M  and  44  . 


See  Fig.  5.1  . 

Thus  we  have  two  basic  Dirichlet  problems  whose 
solutions  and  their  derivatives  provide  all  the  functions  we 
want.  In  particular  notice  that  for  (Ae-^IL 
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JU  -Jh  A(ii,  W,X[)  fa~h/l 


(5.25) 


Problems  (5.23,24)  are  the  first  two  in  an  infinite  series 
whose  third  involves  ^iT's  curvature  and  so  on  so  that  the 
K'th  problem  involves  the  first  deritatives  of  £  and 

The  fourth  problem  onwards  can  be  chosen  to  be 
independent  of  w  . 

The  theory  of  elliptic  boundary  value  problems  is 
applicable  to  problems  (5.23)  and  (5.24).  It  is  covered  in 
overwhelming  detail  in  [  ).  Those  details  shouldn't  obscure 

the  fact  that  the  bounds  obtained  are  quite  bad.  For  instance 
consider  the  conformal  distance  p(v\,[ftXL\  .  The  weakest 
P.D.E.  Theory's  restriction  on  XI  is  the  cone  condition:  for 
any  there  exists  inside  XI  a  truncated  cone  Qf&)  starting 

at  &  of  angle  <x  and  length  ^(a  / 

VtS^Xl  3  &fO)cXl  (5.26) 


This  is  not  enough  to  bound  (since  bottlenecks  are 
possible)  so  we  must  add  a  mild  smoothness  condition  such  as 


yi 


J* **f\  312  -  311/  ^  kVj,  512 ;  /</j/  J  *  * 


(5.27) 
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] 


where  Xfjtd’Q)  is  the  curvature  of  at  ^  .  The  best 
bound  we  can  expect  is 

(5.28) 

This  bound  is  far  from  trivial.  Notice  the  subtle  way 
condition  (5.27)  combines  with  the  cone  condition  to  prevent 
bottlenecks.  However  it  all  seems  quite  irrelevnat  and  there 
is  no  lower  bound.  Compare  with  section  9.  A  possible  basic 
deficiency  of  the  P.D.E.  approach  is  that  (5.23)  and  (5.24) 
are  very  special  Oirichlet  problems:  their  domain  and  boundary 
conditions  are  strongly  linked. 

Here  follows  a  result  which  seems  well  beyond  the  power 
of  P.D.E.  Theory.  For  any  two  points  on  an  open  curve 

P  define  •<  (Vl,  to  be  the  change  in  P's  angle  between 

t  and  A : 


'  f  otP(Vx) 


(5.29) 


Theorem  5.4:  For  any 


Axy  I  <  47T  (5.30) 


where  minimize  |  ia\  respectively  and  £ 
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is  normalized  so  that  ^ &i  Ui  )  >  0 


Proof: 


For  any 


where 


For  any 


Theorem 


*  "  I j.  (5*31) 

WttVx({L 

Ally  2t^*)  j^z  -  (5.32) 


tj\f  JX)  ~  [Mt/tJi.,  P (Wt/tJx ,  fll]  (5.33) 


0^0,1]  t 

}S fy, )x,  Dio, 1)1  I  <  T  <5.34) 

«[0,  J'/ Ofo,XI  J  =  0  <5.35) 

4.2  implies  that 

)  (5.36) 
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and  of  course 


^(#'<4,11)  JL  *3  Of"  ) 


C5.37) 


so 


I  &(&,«,&)  I  4  JL  (5.38) 

and  a  similar  result  holds  for  0,0  .  Moreover  (5.37)  implies 
that 


QcOtfrSLl  *  Wf it,#,  5fl\<c)})  -  7T  (5.39) 

where  the  sign  depends  on  cjr  1  s  location.  Combining  it  all 
together  gives  (5.30). 


6. 


Extremal  Length. 

This  section  presents  an  alternative  to  the  approach  of 
theorem  1.1  towards  the  estimation  of  conformal  invariants 
such  as  p(i* ,<?)  and  the  modified  harmonic  measure 


i-( W,  <*,  -fl  I  -  J 


(6.1) 


Cy\ 

of  piecewise  continuous  curves  cC  its 
extremal  length  X(%)  is  defined  to  be 


(6.2) 


1*'°  rp’CxtSy) 


c 


where  the  metric  scalar  functions  are  smooth  and  not 
identically  0  •  Clearly  is  conformally  invariant.  It 

is  easy  to  show  that: 

Theorem  6.1:  If  then: 


(6.3) 


For  any  Si  St 


(6.4) 
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(6.5) 


^  fSt)  f  X  (Si)] 


Bach  C  defines  its  conjugate 

=  P  I  Vnc-Z  RaP*<  }  }  (6.6) 

All  the  £  's  which  we  are  going  to  discuss  satisfy 

$**•$  (6.7) 


>ro  vr*)  *  i 


(6.8) 


The  latter  property  is  of  considerable  importance  because  it 
enables  us  to  bound  ^CS)  from  above  as  well  as  below  by 
using  a  single 


if 


><■£)$ 


(6.9) 


Let  {/,  Vcilc  be  two  closed  sets.  Define  £(V,  V,  i7 )  to 
be  the  set  of  all  the  piecewise  connected  curves  connecting  \J 
and  V  in  Cl 


k  i 
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^H/yt£L)*{f.c.c«wr  i  (Jo  c^cv,roal  *{"}  }  <6.io> 

The  conjugate  $^(/, V,il)  is  the  set  of  all  the  piecewise 
connected  curve  separating  (/  from  V  in  il 

CV, v.il )--£/?. c.*«A<*r/ uaC^[v,{L\p)^c\  }  (6. id 

We  will  abbreviate 

*(</,V,  III  *  >CS(U.V,Xin  (6.12) 

The  standard  examples  are 

y[‘<(ol4)/ b  +  i(0,*),  (o,(})u'rof0,)l  =  -A  (6.13) 


XfaorO/^) ,  7)0(0, R)  ,  0(0, R.)  \  Ocfo,A)]  -  ^  (6.14) 


The  rectangle  (6.13)  is  the  canonical  domain  for  (/,  \/ e 
connected  curves.  The  annulus  (6.14)  is  the  canonical  domain 
for  £i  doubly  connected  and  tLQ.  *  UoV  where  (J ,  V  are 
connected.  These  two  cases  are  related  because  an  annulus 
minus  a  radius  equals  the  exponential  of  a  rectangle  and  the 
missing  radius  is  in  £((/,  V)  and  minimizes  C  for 
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the  critical  metric  function  so  its  absence  doesn't  change 
X(C/|V)  .  More  generally 


> f;>D (a, ft ) , 3 0 (o,/ll , D(0,R)\ D7o, A) \ 9 ]  »  X-  ^  A  (6.15) 


t+t  * 

Q*  y  e  JCaj,R.l  Ot^;<rw  ,  (6.16) 

is  the  general  domain  for  il  doubly  connected,  ,  V,W 

connected  and  (AM/.  Situations  (6.13),  (6.14)  and  (6.15,16) 
are  illustrated  in  Pig  6.1  .  For  more  details  see  16  ]. 

Theorem  6.2;  Suppose  that  o*fcI2.  Then  for  any 
11/2  connected  and  0 <**./?  ?  4r 

|  XfOfH*)/3-#]  +  I  (6. 17) 


Aw,*;  |  $c-<  (6.i8) 


|  xfor  -  >/2)  ru,a),M] -t[D(iff6)Ml- 

I  <  cr*yn  (6.i9) 
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£n(w 


(6.20) 


Moreover  for  general  VVOil, 

>C0«*,a) ,W] -  \[0(*f4),3£]  r  £Srw,u)  £  C*  (6.21) 

The  limit  formulas  hold  also  for  £1  a®*. 

Proof:  Let  us  start  with  the^^O  case.  Then  formulas 
(6.17,18,19,21)  are  obviously  conformally  invariant  so  we  can 
choose  a  convenient  geometry.  For  (6.17)  we  choose  of  course 

A*b1o,t)  ,  (6.22) 


for  (6.18) 

_  /  SAL  !6l  1 

£l*()(0,l)  t  Wse  V  (6.23) 

and  for  (6.19) 

C  \  ,  V  >  -K  *  i  (6.24) 

the  computations  are  trivial.  Formula  (6.21)  is  harder. 

There  we  choose  situation  (6.15,16)  with  R'l  . 


Because  of  (6.15)  and  (6.18). 


~  £*  Ff<*) 


(6.25) 


so  we  need  only  show  that 

/.l(W,u)  i  -1—  (6.26) 

C«A) 

which  follows  from  Theorem  10.2. 

The  finite  * ,  /?  case  is  proven  in  the  same  way  except 

'  /v 

that  when  transforming  fi  to  a  canonical  region  XI  one  must  be 
able  to  bound  the  image  of  from  above  and  below 

and  the  bounds  must  agree  asymptotically.  Those  bounds  are 
provided  by  Theorem  3.6.  They  immediately  translate  into  > 
bounds  because 


UzfVzC^fVttVi)  =*>  X(/x,Vv) 


(6.27) 


7. 


Internal  Metrices. 


It  is  time  to  define  a  geometric  distance  between  any 
u,4?efL  •  The  Euclidian  is  not  satisfactory  because  it 

can  identify  two  different  l)Jl  points,  or  even  il  points  for 
multisheeted  domains.  The  natural  candidate  is 

/(4a, <3, SI)  ■*  ftUrr  (l^jl  (7.1) 

&*$c(utv,£L)  2 

A  minimal  curve  will  be  denoted  by  2  (<*,</, _flj  . 

Theorem  7.1:  For  any  4a, if  *Sl\<*  2(u,V,SL)  exists  and  is 
unique. 


Proof ;  Existence  is  well  known.  Let  2.  if, SI)  be  a  minimal 

curve.  For  any  there  exists  an  f>0  such  that  either 

jfjft  and  2/1  OTj/f )  is  a  straight  line  or  and  ZoDfj,?) 

is  concave  relative  to  il .  For  almost  all  Jf 2  a  tangent 
exists.  Define  W(jj)  to  be  the  largest  interval  of  the  normal 
line  at  ^  which  is  connected  to  <A  in  SI : 


\/Wj)  *  [j,  SLa  d 2^  •  )  J 


(7.2) 


Define 


W(p] 


(7.3) 


The  local  concavity  of  2  implies  that  as  |  tends  from  M  to 
l*  l/(^)  increases: 


(7.4) 


It  is  easy  to  show  that  implies  (Jfl/ft)  so 


(7.5) 


Suppose  that  -£Z)  .  Because  of  (7.5)  r  for  any 

^ *■  ifuM&l  we  can  define  Pfj)  as  a  point  in 


pVj)*  P/»  W^J ) 


(7.6) 


so  that  P  is  a  piecewise  continuous.  Formula  (7.4)  implies 


J**3»=*  P(]„rPyi) 

and  because  of  the  local  concavity 


(7.7) 


(7.8) 
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thus 


P  V  d  (<A,  if,  XI )  ^ 

Moreover  for  equality  to  hold  P  must  be  parallel  to  2  at 
2  's  straight  parts  and  identical  to  2  at  the  strongly 
concave  parts.  That  implies  that  P  is  identical  to  2  . 

The  d  disks  are 


They  are  strongly  convex  relative  to  fl . 

Theorem  7.2:  For  any  (A,(J£  Dj(W,d,-Q  /  * 


Proof:  Suppose  that  •  Parametrize  2  )  f 

by  Oidli*  For  each  0*^*1  define  P(*)  by 

p^i  *  m*]  n-12) 


dfp,u) 

drprfpj 


(7.13) 


It  is  easy  to  show  by  a  polygonal  approximation  that 


i  pa' 1  *  $8$ 1  *  ***  ’  tfttS  i *  wi 


(7.14) 


and  formula  (7.14)  integrates  to 


d"*‘p  ■  dt">M  ’  $8$ 


(7.15) 


Equality  can  hold  only  when  or  (/e  j?c(V,M)  because 

otherwise  (7.14)  is  a  strict  inequality  near  X-Q  . 


Inside  XI,  DD/s  curvature  is  limited.  In  particular 

Lemma  7.3:  For  any  <9*  XI ,  0  ,  He-  Dj(V,0,Sl)  there 

exists  a  such  that 


b(v,  3rj  c  Qgi(v,«,Xl) 


(7.16) 


where 


dC *  [<* ,  f\C«,IL)] 


(7.17) 


Proof:  Define 


(7.18) 


then  for  any  jje  D(",  *  h i  0 

g(«/,j  )*  +  d«9,k)  i  a 


(7.19) 


Theorem  7.4:  For  any  ,  &  >,  J\  (V,fL)  ,  (AtCln  <)  Orff#,##] 

there  exists  a  curve  W  such  that 

Wtf  ,  W* 9 f«,  ^XZ.-Q-?  (7.20) 

i  *  — i?  (7.21) 

Proof :  We  will  assume  Dil  to  be  smooth.  For  any 
^*30^(0,4,12)  nil  define  jof^)  to  be  the  first  %(^XQ,CL) 
point  in  ^ 'SI  if  any,  or  0-  if  none 

^(J)^  '  <7. 22) 


<3  'P1nca 


(7.23) 


Define 


J[ytT>b4(i!ta,SL)  \i2]  (7.24) 

cjrve^«f,alIU\{L  ,  <7.25) 

Theorem  7.2  implies  that 

^3' W,cM<*A-a*  /  /*'}lslV p~Jl  (7-26) 


then 

-=■3-  ^  CO,®®  )  (7.27) 

-3 

Otherwise  so  ^’F(V^  is  tan9ent  to  'S-fl.  at 

■p(j)  •  Then  either  dr^,c ‘f(y,A-l<&  so  JJ)  is 

perpendicular  to  ^ -Q.  at  cj(^)  which  contradicts  the  tangency 

or  rtrv,<i(y.A1  =  A  so  >«  . 

Suppose  that 
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JA(iA)  4  (i 


(7.28) 


Define  W  to  be  the  curve  which  connects  <4  to  ’tLQ.  in  SCUMl 
and  starts  in  the  general  direction  of 


R* 


>  0 


(7.29) 


The  curve  is  perpendicular  to  ,<*)  at  cjfu)  so 

(7.27)  for  ^j  =  t<  implies  that  (7.29)  uniquely  determines  \A/'s 
direction.  Por  any  define 


•*( 


’V'  '*1 


Aflj. 


rj'-j 

Denote  ^  •  Clearly 


(7.30) 


at 


(7.31) 


P'y*  3' 5 


(7.32) 


(7.33) 


Jf&jL  $  -  **><*ty 


(7.34) 


/«(J)  ** 


(7.35) 


(7.36) 


(7.37) 

Formulas  (7.36,37)  hold  initially  at  •  Let  |jeW  be  the 

first  violator.  It  can  not  violate  (7.36)  because  (7.33) 
implies  that  is  monotonically  decreasing  up  to  ^  .  The 

function  is  not  uniquely  defined  and  •<(])  may  be 

discontinuous  but  (7.35)  implies  that  any  jump  up  to  and  at  ^ 
decreases  d  so  which  contradicts  (1.21). 

For  any 


=>  ('j,  A  (U,<j(V))  > 


(7.38) 


Suppose  thatj#*;  i.e.  ^  separates  oi  from  w  in  W.  Then 
the  line  separates  oi,  from  in  fl  so  it  separates 

from  (VtCjfW)  in  il 


(7.39) 


Thus  for  any  intersects  Jrv] 

at  some  point  J±  so 


(7.41) 


c  Djfyjh/A'IhA] 

Thus 

I7j)*  [  ^WV)  dtyf  $ 

$  Aw*  v  (ir,q(ui)  s  7T /fly 
w«g  '  v 


(7.42) 


(7.43) 
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Clearly 


\  -u*\  dv  6  4  JIT 4  4  TT  Ml<A) 
1»9l 

Formula  (7.33)  Implies 

(  <S*wrw)A/  £  /Mf*) 

*e«3 

and  ll.  so 

W  *  (^*+1) /*(<*) 

We  are  still  left  with  the  case 


Define  Ut  to  be  the  endpoint  of 

C«t'*D(i?,a)\Dg((Ui/alIl)] 


which  is  closest  to  4(  .  Clearly  so  we  can 

from  as  before.  Define 


(7.44) 

(7.45) 

(7.46) 

(7.47) 

(7.48) 

(7.49) 

start  Wt 
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(7.50) 


w=^r«i,AMJ®wx 


Phen 


J&yAlW*.  7T/i/<rf)«- ftTTrl)*  <(***1) /*(<*) 


(7.51) 


Suppose  that  <v/«=_Q  .  The  <a,\>  bottleneck^  width  at 

mj.  is  defined  to  be 


Jb(&l«,o,£Li*  *<#p  SfV.P'IU* 

-  (  if  *  fa , -Q  \  Q )/(**,  4,  SI)]  }  (7.52) 


Theorem  7.5:  For  any  w,(f,  tjf  IL 

i(H,W,AUryU«[B<u,<*,v,Ah  /(win  (7*53) 


where 


s  Wi, SL)  (7.54) 
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Sn  \  r*  ■ 9  j  ~  c/ 


(7.55) 


and  *T,#*3i2  minimize  (Qc-</l  ,  I </-(?(  respectively. 

Proof :  Obviously 

Dj(w,a,£Li  ^  a*  *<*"  d  (*j  ,{«,<}},  £L)  (7.56) 

Thus  all  we  have  to  prove  is  that  when  (7.56)  holds 

[o, H\ O^r^a.Ib]  <=>  8 (7.57) 

Assume  that 

a>,  B(V,1A,V,SI)  (7.58) 

Let  minimize  <7^V; Wi,£L)  t  c((W,iryjXlSl)  respectively. 

Clearly 

Q*  <=Oj(iM,*,n)  (7.59) 

so  it  is  enough  to  prove  that 
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Define 


P  =  O*,Sf)0  *  $(*»,</,£)  (7.61) 

the  line  (ia,</C)  can  not  penetrate  because  they 

both  minimize  the  distance  from  a  point  (-M  and  <1/ 
respectively)  to  W j .  Thus  P  penetrates  <QC  at  exactly  one 
point:  f/x.  Hence  P's  endpoints  t4  and  {/  are  separated  by 

Q  . 

Assume  that 

<51  <  il)  (7.62) 

It  implies 

&<  (7.63) 

where  W*,Wx  have  been  switched  if  necessary.  Suppose  we 
could  prove  the  existence  of 


Pi'STt*,#, J2/] 


(7.64) 


Then  there  also  exists  £  CO,  V , *•  7 


so 


SlM,1f,Hc\0gf(Hf,atO.)]  (7.65) 

The  continuation  of  intersects  DOC<*i  Ml*, SI) ] 

at  a  point  f> 

f}*2DC<*,n-(U,£)l  ,  <Ae  (7.66) 

We  claim  that  if  Je-'ZOC<A,A(<*,£)'l  tends  to  •p  so  that /j-p( 

monotonically  decreases  then  monotonically 

% 

increases.  The  reason  is  that 
characterized  by 

2cv,j,£l)  _L  dOfy,J\fi*,Ih]  0/f  J  (7.67) 

in  which  case  either 

(A*  J  '-p  (7.68) 

or 

=■>  Z«-/9  (7.69) 


a  stationary  point  1  is 


Define 
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Pi.*(<A,f>)  90.  (7.70) 

where  Q.  is  the  shortest  £V t,-Aftrf(Xi)  J  arc  connecting  jo  to 

iX  .  Consult  Fig.  7.2.  Clearly 


(7.71) 


so 


Pl*SC<*,0,  De(iA,JUn&i)\Qj(V,4,£lj']  (7.72)  j 

which  implies  (7.64). 

In  Section  9  we  will  need 

Theorem  7.6:  For  any  4A,l?*Sl  ,  <*}*  )  there  exists 

a  unit  normal  nfhf,  \A,  V,Sl)  to  Si)  at  <c*  such  that 

be** 0(<*U  c  SI  (7.73) 


J 
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p y fw, *•,</, -ft;, -ft ]  /)  ^ 

c  DC*)  (7.74) 

Proof :  Let 

Pe  S («,<?,!' \Dj(w,  6,11)'}  (7.75) 

3  =£\  ^  r£\SL,C\Pc\TtCu,l<jlfl>l  CH  (7.76) 

Define  $(**)  to  be  a  normal  to  2  at  in  the  inside  Q 
direction.  It  exists  because  2  is  concave  relative  to  Q  . 
Suppose  that  0(<*>)  ,  l&l’l  .  The  line  (V;  )  is 

initially  inside  <p  .  Define  to  be  its  last  point  in  P 

GJ6  (  )  ftlTSl  (7.77) 

(Uf'GflcSl  (7.78) 


Formula  (7.78)  implies  that 


(7.79) 


(7.80) 


C  Q  <  II  (7.81) 

which  proves  (7.73,74). 


Lemma  7.7:  Suppose  that  <A,{jeIl ,  W#?  (ia,<3,IL  )  and 

p  e  C**[*v,  (Ha [M+fi(wOC—}])  c/{V>  ]  o 

v  £o*[vi(fl/i[*/-*fhflOt*l'l  )  vfv}  ]  (7.82) 


Then 


Z(<a,v,SL) ,Hl  >,  M 


>-w 


.(«■*) 


(7.83) 


Por  some  purposes  the  neighborhood  /V,  -ill] 

is  preferable  to  •  xt  is  approximately  generated 
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by  the  metric 


Clearly 


/(*-<*/  *  do(u,v,fl}  $  d(i*,v,A) 


The  do  disks 


Oo(V,*'-Q- dQ«S, j ,&)*<>} 


satisfy 


D0 (if, a,  Hi  c  [is,  D(if,*)/iH  1<r  0ofif,2a,Sl) 


By  now  the  reader  should  have  no  trouble  proving 


Theorem  7.7:  For  any  4A 


do(<A,\f,H)  s  I  3  qc£  D(o, f-;} 


(7.84) 


(7.85) 


(7.86) 


(7.87) 


(7.88) 


The  d9  bottleneck  width  fs0  is  defined  analogously  to  is  . 
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Harmonic  Measure  Bounds  with  Applications. 

The  harmonic  measure  Oj(W,  if,  Si)  of  a  curve  Wc'dJl  is 
defined  to  be  the  length  of  its  image  so  it  can  be 

useo  to  approximate  the  image  size  of  some  il  subsets. 

Theorem  8.1  is  a  localization  theorem.  It  implies  that 
the  harmonic  measure  is  concentrated  at  distances  of  order 
from  the  center. 

Theorem  8.1;  For  any  0*£L  ,  Wc-^jQ. 

i.(W,0,SL)  <  (8.1) 

(8  2) 

'nr<frjLl  lo.Z) 

the  inequality  is  sharp. 

Proof:  Normalize 


0-0  ,  1; «  1  (8.3) 
In  light  or  Theorem  1.2  we  can  assume  that 
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d(^Cl,V) 


<x 


Theorem  6.2  implies  that  for  ci0 


^[CKOtalW}+  ~J*[f  F(0l]  +  ~  h  /(w,o 


We  choose  the  metric  scalar 


1r*>‘7&n 


«f  il 


jz.ii] 


Clearly 


U  /» « ?  fa 

n  * 

and  for  each  Pc  Cfbr<?,f>.W7 

H'J'  "ty  »  T  7f77 


Thus 
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(8.10) 


yco'o.u.w  7 » f 

Obviously 

-^0)*7Try  0<y^l 


o 

It  is  easy  to  show  that  (8.11/12)  imply 


Af0to,o,W7  »  ^  iw 

Because  of  (8.4)  Theorem  3.3  implies 

±)1 

which  combines  with  (8.5)  and  (8.14)  to  give  (8.1). 


With  a  little  extra  effort  we  will  prove  another 


(8.11) 


(8.12) 


(8.13) 


(8.14) 


(8.15) 


result: 
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Theorem  8.2:  For  any  f  V/c^JSl 


Jfz  e*  ^±^hsLL 


_  ( vfi  iti£l  1 

~  TnJoJJL} 


* 


/w-wl 

nf&'Sl) 


Proof:  Normalize  as  in  (8.3).  The  case  jt/i*  follows 
Theorem  7.1  so  we  assume 


/ 'A< •*' 

Theorem  6.1  implies 


^[dD(0,V,W,Sl]>  iCWWtl/t'jii] 


-/Lf*  0/(0,  ^,-CL)  \  0  CO,  fj 
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(8.16) 


(8.17) 


(8.18) 


from 


(8.19) 


(8.20) 


(8.21) 


« 


to  1 

V  1 


L/xM  *  I  4*^  W|*x| 


As  in  the  previous  proof 


■iCvi  *  Ux(^~/^) 


X 

(  $  7r  x* 

We  have  no  anologue  to  (8.11)  so  we  have  to  be  content 
the  fact  that  (8.28)  implies 


(8.22) 

(8.23) 

(8.24) 

(8.25) 

(8.26) 

(8.27) 

(8.28) 

with 
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(8.29) 


The  combination  of  (8.5),  (3.7),  (8.20,25,26,29)  results  in 
(8.16) . 


The  next  result  implies  that  a  geodesic  doesn't  approach 
or  depart  from  a  boundary  point  more  than  a  constant  times  the 
distance  it  has  to  as  a  curve  connecting  the  geodesic's 
endpoints  in  SI . 

Theorem  8.3:  Suppose  that  .  Then  any  ye  P(u,v,Sl) 

satisfies 

% 

6(i,(A,4/.Sl  CltTf)  (8.30) 

and  if  oo^SL 

AhA]  *  14.2  </o(oi,(/.Sl)  (8.31) 

Inequality  (8.30)  is  sharp. 

Corollary:  For  any  ty  eSL 
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(8.32) 


Jb(t+,U,9,SL\  "  b(<V,<A.(J,SL) 


and  i£ 


<  i  #4ffSr*j,n(«lv,A),A]  «.  29 
[u, •£<*,&},  XL] 


(8.33) 


Moreover  (8.32)  and  (8.33)  hold  with  d,  /) 


replaced  by 


Proof:  The  goedesic  P(iA,t},£L)  extends  to  TP(i^t  (j,fL  )  whose 
endpoints  <a,V  are  on  the  boundary 

P(X, &■,£)*  77V<t, tf,£/  (8.34) 

Por  any  f>o  ,  <4  and  cf  are  connected  in 

Jkjj.VtV.XD-f ,  XL  7  (8.35) 


Define  to  be  the  first  Pffc,  ot,Sl)  point  in  A. 

r'(*,«t,SL)c£L\Ac  t  (8.36) 

and  similarly  <9l  .  Define 


i 


i 

i 

} 
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ilj = £L\ rc(u,  Ui'fl  i  \  rc«s  t,&,  il ) 


(8.37) 


Clearly 


(8.38) 


(8.39) 


ri(j,XU)  t 


(8.40) 


so  it  is  sufficient  to  prove  (8.30)  for 

points  split  into  two  connected  parts 


The 


s  Wi  /Wj,  ttwnecA t*J 


(8.41) 


and  one  o£  which,  say  Wi  ,  is  at  a  distance  away  from  ^ 


4nr^  Wi,  i^l)  *  J  i  Mil  -CL  } 


(8.42) 


Because  of  (8.38) 


-  '  »Q  -i-sUL  V-  •.  . 


:M**tst*4»*  ...... 
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(8.43) 


Thus  Theorem  8.1  implies  that 


(8.44) 


which  proves  (8.30). 

Now  to  (8.31).  Define  (At  to  be  the  first  PC<a,  <a,H  ) 
point  which  intersects  ,  define  #t  similarly, 

by  (8.37)  and 


■ill* 


(8.45) 


Clearly 


(8.46) 


and  Theorem  7.8  implies  that 


do'dodALfihfCl^  i  </((",{], £1) 


(8.47) 


Afjjilt)  £  <jU 


(8.48) 
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oC  « 


WlAtVj, 

Udo(0,tJ,Xl) 


sihfll 


Obviously 


et't  > 


/9(u,*Jtsi 7) 


Mu  ,{9,  A) 


proof:  Clearly 


Mu,(S,£i)  r 

>-z\-r£kTcr-  *j 


which  implies  (8.52). 

It  is  easy  to  show  that 


where 


^^yjj p[r(*,u,SL)  ,V,IL] 


Let  Q  minimize  0  “  2^,  V,il)  /  •  Assume  that 


(8.54) 


(8.55) 


(8.56) 


(8.57) 


(8.58) 


(8.59) 
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J\(Q, jQ)S  \  do(<A,1nt,  Hi 


(8.60) 


Theorem  8.3  implies 


d'* 


aC  t  i 
ZO.Z 


(8.61) 


so 


c  ^ho.i 
"  Y^tt 


(8.62) 


Now  assume  that 


>  1 

do(U,V,a  )  i 


(8.63) 


Theorem  4.2  impies 


« i 

3'>  ±  f  *+ 

r  '  ^  1  xtjuw, 

0  *” 


OC  f , 


^213L 


(8.64) 


and  obviously 


/?<  Z 


f 


/i-x 


o 


(8.65) 


Thus 
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(8.66) 


Theorems  &.1,2  are  applicable  only  in  special  situations. 
The  Tunnel  Lemma  is  much  more  versatile  but  it  may  give 
ridiculous  numbers. 


Lemma  8.5:  Suppose  that  {JcSl  ,  vu  (*,v,  XU  and 

coo  .  Then 


_  ,7T  Aj*aA 

i(A^^,0,Sl)  >  2.ZC  e  (8.67) 


where 


(8.68) 


Proof;  Theorem  3.4  and  simple  inclusion  arguments  imply  that 

l(AnZSL 

>,/(Wx,0>Ax)  ^>l(Wi,(f,Aj)  (8.69) 


where 
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.yl^dWO,  AaAi 


(8.70) 


W J-/I  511)  (8.71) 

6*n(V,  A\Wt)  (8.72) 

D(<f,<»)]  v  ['20(V,a)\At]  (8.73) 

J.j*  J.T.vO(Vf*)  (8.74) 

Consult  Fig.  8.1. 

Define  the  metric  scalar  function 

i»mr(  l,  w  f^vj  )  (8.75) 

Take  f  40  .  Clearly 

^  nyidudij  -  -^3 1  ij  A  $ 

Aj\Df0,i)  £ 

<  /W««  A  +  (8.76) 
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let 


Q'  £*fWi  ,  _/t3\OW,n]  (8.77) 

If  Q  is  an  open  curve  it  has  two  endpoints 

„  QjLjNW*  c  OJl  (8.78) 

Because  of  (8.77)  Q  intersects  P  at  some  point  f  so 

(  /</j(  +  >,2Q  (8.79) 

a 

If  &  is  closed  and  of  length  £?#  it  is  contained  in  D(v.a) 
so 

(  >,  -=■  V*n  Akj  te-Q)  >  (8.80) 

Formula  (6.9)  implies 

>f*3  /  iD(*,a,jLi\0(9,r )]  *  (8.8D 

The  boundary  curve  W  is  connected  so  Theorem  6.2  applies  and 
proves  that 


111 


JLb/CWi'O.A,]  r 

s  -> [*3  ,  ? Of  0,t) ,  A  j\  D (V, t )]  -  A  Pfv,  jLi  )]  (8.82) 


Obviously 


F(«,A ,) 


a 


(8.83) 


so 


-  TfAttoA 
9  *a*~ 


(8.84) 


We  will  use  the  tunnel  Lemma  to  prove  a  relatively  deep 
extension  of  Theorem  3.6.  For  any  ,  <7t>Q  define 


(8.85) 


Theorem  8.6; 
complex  j  j  i 


For  any 
such  that 


there  exists  a 
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(8.86) 


0[er^r°'A,<>  ct  Jr<4,a,tfi]  c 

C  ficojfu, 4),0j  «  b[ J(u, it), cj(«t a,w] 

and  for  any  Q*  a  <  )  there  exists  a  real  -i*  f* 

that 

E)[e^fl*'T,0,]f(u,ifl ,  cf(«,  &,#/]  c 
c  f[n.\4"(v,ll\0jUAlA'}  ,  o] 

Proof;  Let  us  prove  the  right  side  inclusion  of  (8.86) 
Obviously 

^V)<=  0 Co, 

and  we  can  assume  that  er<  </(«,#/  .  Assume 
a>,s\(iA,SL) 


such 


(8.87) 


(8.88) 


(8.89) 


It  implies 


Let 


0(o, u  \  0(0,  l-7<f ) 


Theorem  7.4  provides  us  with 


W  e5Dj(U,*,Il)  ,  W*S  (*,?&,  A) 


which  will  be  parametrized  by  its  arc  length.  Define 
curve 


Put ,  Wr< )  *  ~  nfV'Sl )  34WU )  0  i  A  <  4 j, 

where  P(*a)  is  the  first  point  to  reach  5jf2.  Lemma 
implies  that 

7T  A 

e  nV<" 


(8.90) 

(8.91) 

(8.92) 

(8.93) 

the 

(8.94) 

8.5  with 

(8.95) 


where 


il\  0} ) 

— - - 1 

(8.96) 

1 

fz  P(0) 

i 

(8  ..97) 

Jl*  C\4r«[*>,  €\tfpO(],  ■£*)] 

(8.98) 

Formula  (7.40)  proves  that  for  some  <9*1 2 

\A/c  0 f»#  <^d(V,  ^£^£,11)] 

(8.99) 

Hence  either  4*^  d  C '• )  £  ZA(irf  )  so 

i 

A^Ofo,  ?/>] 

(8.100) 

/.(ve^si,?, £)  z.n  e97*" 

(8.101) 

or  4*^ d(")  >  so  Theorem  8.1  implies 

(8.102) 

By  Theorem  3.5 

'i 
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(8.103) 


SO 

/ «/ .  (/<**» TT0^ I  < 

4  i-  l^(f,Of/z*  trd 

Formulas  (8.92,104)  imply  that 

JCfrhfftf^iD'frnl )  ( ^  l~i l 


so  by  Theorem  8.1 


oi  « 


i-n* 

“Ta" 


which  combines  with  (8.101,102)  to  bound  JA  . 

He  still  have  to  consider  Q  .  When  a 

Theorem  3.5  implies  Theorem  8.5.  Thus  assume 


(8.104) 


(8.105) 


(8.106) 


(8.107) 


(8.108) 


116 


pf- 

'  1 

z  *  Af «,A)  5  1 

(8.109) 

Pot  any  wt-lD  (</,&) 

p(u,u,a.\ >  »  I-*- 

o 

In  pcticular  DOfM,*/  /i  f'(<A,<?l  H )  proves 

1 

<8.  HO)  | 

S[<Alal(S,Si)\  A&t ~  J  *  ^ 

(8.111) 

T*  tf[dbCu,a)l</'l\ 

(8.112) 

Theorem  4.2  implies  that  ^COfto.a)]  is  Lobachevski  convex  so  i 

*  er Z-totyu*  or-*)] 

(8.113) 

uu-Dv 

(8.114) 

The  left  side  inclusion  of  (8.86)  is  a  corollary 

of 

Theorem  3.5  and  Lemma  7.3. 
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The  proof  of  (8.87)  has  been  left  to  the  interested 
reader.  He  should  at  least  figure  out  why  can  not  be 
replaced  by  a  (but  it  can  be  replaced  by  where  0<-<<i  ) 

or  {  by  0  .  The  difference  between  f  real  and  complex  is 
important  when  one  is  interested  in  . 
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9 


Estimation  of  the  Conformal  Distance  and 
the  Location  of  Geodesics. 


In  the  first  part  of  this  section  we  will  estimate 

by  using  formula  (3.2)  with  the  F  bounds  of  (3.8) 


Theorem  9.1:  Por  any  U,  <9  e  -Q  V  00 


where 


0.01  < 


gfiA.if,  SI) 

['  My 


<  is 


(9.1) 


I 


*  Mwrt/'fjiUfir, SI], 


(9.2) 


Proof;  We  will  prove  the  upper  inequality  by  construction. 
Define 


z  [(.  7  +«(-in('l]  (B(v,<J) )  (9.3) 


*(J  h  trf  *  (],  01,41,  SI)  -AfJ/il)] 


(9.4) 


where  m is  provided  by  Theorem  7.6.  The  curve 
^  £  S  and  is  continuous  because  ft  can  flip  direction 


119 


i 

*  i 


only  when  n i/).  For  any  je  2 

8*  bfj'Al  cJl  0.5) 

p  >  Afj***  r€L)  *ty AVj,ii;+^  £ 

>,nu*[ j^afyUiih-Q-)  t  *fji]  ( 9.6 ) 

Let  us  parametrize  2 fa ,</,&.)  by  its  arc  length 
G  <  X  *  0(ftA,{f,fl)  and  for  any  function  Q  denote 

OW/  •  (9.7) 

Differention  of  (9.3)  results  in 

Dj^(A)  '•(‘i+lx (4/)  djr<*r- f  I  •  /I  r4  )  (9.8) 

and  ^7 ^ )  is  the  unit 
tangent  at  J  .  We  have  used  the  fact  that  when  J£.i2 
X(2/%)s0  while  when  jp'D-Q,  ft(^)  must  point  inside  Si. 
Obviously 

i^dru 1 1 ,  i  dA  ft v.) i ,  i  $  i  (9.9) 


where 


?■)  is  "2  *s  curvature  at 


J 


i  ?n 


so 


/c>4  XfA)  /  £  \TI  *  /  X«|/  (9.10) 

which  combines  with  9.6  to  prove  that 

a((u, 

p(<A,<y)  *  [  J 

X  o 

We  want  to  bound  the  total  curvature  of  First 

concentrate  on  the  y  interval 

<4*  -§•  3tm;  (9.12) 

There  (9.9)  implies 

3ux)  *  (9.13) 

04[2(t)  DdCXH,  (9.14) 

so  by  Theorem  7.6 

2*1  OrffZfD, *  ZW^pJW  Of-®;  (9.15) 

Hence  for  any  two  different  Xi^X*.  in  (9.15)  either  P\(*t)  ? P\(H) 


l  £a) 


fall 


di 


(9.11) 
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or  2(T* i;  Vil  ?  is  a  straight  line.  Thus 
At  fy&fAl  ^ 

(  /  K(*J  I  £  ZTT  (9.16) 


Also 


\ 

<-  932rui 


H  St*/ 

A  >  2  ^ 

5T(>|  i, 


i. 

3 


(9.17) 


We  will  divide  Co ,  into  intervals  of  type  (9.12). 

Start  from  Xo:0  .  Assume  that  we  have 


G<  y<  € 


(9.18) 


There  exist  a  unique  0<Ai,1<  d  such  that 

^<c»t  ~  -  y^, 


(9.19) 


and  it  defines 


X*,,  *  f  (9.20) 

The  procedure  stops  when  (9.18)  is  violated  by  X*, . 

#N-1 

4-o 


(9.21) 


Clearly 


)  c  ocr^« <9.22) 

so  is  a  straight  line.  Summing  up  (9.16,17)  in 

the  intervals  7  we  obtain 

{'**"*  <9-23’ 
which  combines  with  (9.11)  to  give 

(»-24) 

V  S  O 

The  lower  f?  bound  is  proven  by  an  argument  slightly 
reminiscent  of  our  total  curvature  bound  (9.23).  We  will 
obtain  monotonically  increasing  from  %-0  to 

d(ViO)  such  that 


where 


Of  M+l 


(9.25) 


(9.26) 

(9.27) 
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Define 


4,1  <9-28> 

£U=f3*i2|  (<*/,}  «•»> 

Formula  (9.25)  implies  that 

y„-  *  aj,  (9.30) 

o^.  /i  on « -Cir  "  «.3u 

By  definition  {i/i}*  h0  ,  "V  *  0*  so  (9.31)  proves  that 

&J,*  (9.32) 

and  formula  (7.60)  implies 

=  y  (9.33) 


1  24 


(9.34) 


■  cCU. 

Thus  for  any  0  $  j  H 

2[(0,  Vj-tjllG  SCtytD^^iSU)  ®  2[(^n^l]<=- 


(9.35) 


SCO;  .Ok.-Gx^C)  -f  ]  (9.36) 

Hence  -ftj  intersects  <?t  at  some  »  Pfut/it,  SL) 

intersects  <3i  at  some  -Mt  and  so  on: 

fflSiUI  *  (9.37) 

4A4,*&a  (9.38) 

where  of  course  4f0*  1A  t  .  Formulas  (9.34,36)  imply 

that 


04-rtfU/rl  istfi*  (9.39) 
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>r  +A  ( Ctj^l  *A(  iA^x,  j  ±£Xtm-l  (9.40) 


'  ^  i  A«*A)+p  *  V 


&JL'tJ\(iAAAt) 
A,(V4.J  j 


By  6(4' s  definition 


(9.41) 


JV(U4,)  s,a^ 


(9.42) 


and  we  can  exchange  <Jjl,  t  in  (9.41)  so 


(9.43) 


Similarly  one  proves 


(9.44) 


and  its  mu)  analogue.  For 


(9.45) 


The  sequence  still  has  to  be  constructed.  We  will 

first  construct  another  sequence  C-^*}  •  Start  from  ^  *  0 
and  inductively  given  ij,  define  ;f*Tl  to  be  the  minimal 
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satisfying  one  of  the  four  conditions 


*  X  A( hi 


EB 


(9.46) 


A  (fail  ^  4(Ai,) 


(9.47) 


fatrH  /A  a 


(9.48) 


ii»t  *  d(«'V-)  Q 

where 


(9.49) 


JlA  >  X*  1  >  ? 


(9.50) 


are  fixed  numbers  to  be  chosen  later..  The  symbols  to  the 
right  of  each  condition  among  (9.46-49)  denote  the  type  of 
intervals  satisfying  it.  Clearly  for  13-9,0,13 


for  iB 


(9.52) 


dt 


(  2rui 

ffl  0  i-Vx 

=  <f>  =  +  3  -^W  <  ^ 


and  when 


— ^—  0%«<H  (9.53) 

1— < 


!-%<*</*  (9.54) 


.  .  /tiA,yj) 

ri  (*) 


Recall 

Co,dr«,ttil  *  ’13^0 


(9.55) 


(9.56) 


where  each  (El  can  be  an  interval  o£  any  type,  *  denotes  the 
initial  point  and  multi pi cation  and  exponentiation  denote  the 
union  of  intervals.  The  string  of  symbols  is  uniquely  broken 
into  the  following  substrings: 

(•)  E''(3/'(Q)  (9.57) 


1  O0 


n,4>,0 


(9.58) 


•9^03)  4*2  (9.59) 

\ 


(•)  GB*Q 


(9.60) 


•  13  (9.61) 

where  (• )  is  either  •  or  blank  and  similarly  (O  )  is  either 
0  or  blank.  Each  substring  forms  one  ('tj/Yjit  ]  interval. 
Prom  (9.43-45)  we  will  derive 


Ujul  >/4j- 
and  from  (9.51-54) 

so  summing  up 


f 


(9.62) 


(9.63) 
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(9.64) 


t'li'JL 

i  3tf4i 


>/  - L.  >,  /ty*  5v 

J  8j 


where  v  runs  over  several  cases  which  will  be  specified.  We 
will  consider  each  of  (9.57-61)  in  turn.  The  details  are 
unimportant  but  the  reader  should  understand  why  our  method 
works  for  /^*»X»i  and  why  a  simpler  breakup  then  (9.57-61) 
would  not  do. 


I) 


c-7  a"3*(3) 


n,X>,  l 


The  jfy  s  definition  does  not  treat  0  in  any  special  way 
so  it  can  be  considered  as  an  inside  point.  We  will  take  no 
account  of  the  possible  G7  interval  besides  adding  ^  to 


*Q(i9*a4')  +  'Z 


(9.65) 


Let 


*  ( *; ,  * fai  */-«. ,  hrx.  i 


(9.66) 


and  denote 


(K  *  ) 


Then 


=  <a  0/.„ )  =  a  #  :  >  ^ST 


and  because  of  (9.9) 


x'*;£ 


which  combines  with  (9.25)  to  give 


Ay  *l(im  >'*  % 


Ay  >  Z( i-  *£)  2f  >  0 


From  now  till  the  end  of  the  proof  we  will  denote 


/A  •  /Vt)  «  *■  /i  IT 


(9.67) 


(9.68) 


(9.69) 


(9.70) 


(9.71) 


(9.72) 


(9.73) 
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Case  I)  breaks  into  two  parts 
la) 

f -  2+  ~ —  }  l  >*-  Z. >  "^-r  1  >  2.(1-  V 

>nar  * 


fi  c  +(y\-*i)/j 


This  lower  bound  is  a  linear  fraction  in  n  . 
for  an$«>*  so  its  minimum  in  that  interval 
one  of  the  endpoints 


* 


k.j 


■cXfivi; 


* 


lb) 


px*£i  c 

>* >  H  *  X- 


(9.74) 

(9.75) 

(9.76) 

(9.77) 

It  is  positive 
is  obtained  at 

(9.78) 

(9.79) 
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(9.80) 
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I  la)  •<  >“*  *>  *  >/  A, 


+  >  ^  -<rA  >,  (>T  1  -V  )  ^  (9.86) 

>  4  ' 


n$+(n+L)><l 


jZ2  s  4-^1  (/*->  +  !) 


(9.87) 


(9.88) 


lib) 


=>  ki  ^  X 


ff»  3t  ~^W  >  r  i)  S  (9. 

*  r  fl 


89) 


^ .  4-^fO,»>-*  >y *'*] 

Arty  *  (&TZ) 


(9.90) 


U  J22> 

e  jdtr^. 

* 


-i 


(9.91) 


up  '-Q+cen 


<1*1 


a **  ro,*ii 


(9.92) 
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3f  =  n  (</,Sii 


(9.93) 


A  *  >  0 

and  by  (9.44) 

7f*l+  >  ** 

r  V* 

ta  GC»D  >t 


(9.94) 


(9.95) 


(9.96) 


* 


(9.97) 


IV)  0  )  /I  >,  i 

This  case  is  very  similar  to  III) 


(9.98) 


* 


(9.99) 
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...  - - •■i-.-v..-  -•  ■^>ll  I  >■  m  i  — -**■ 


T 


V) 


Q 


5f  -  n.{U'Xli 


(9.100) 


jf’JpSL  <  * 

<Zt  / 


(9.101) 


£  = 


r  4 a>  a**) 


±.-«t 


if  -h\ 
*£-<>««*>> 


0<** 


(9.102) 


(9.103) 


Obviously  (9.102)  is  minimized  at  ev»0 


*  6?  *  i;  (9.104) 

and  it  is  easy  to  prove  that  (9.103)  is  minimized  at  •<» 

.  Bx- 


Mow  insert 


(9.105) 


f  ^  0 


(9.106) 


fAx  3*16 


(9.107) 


which  results  in 


v 


iU  ?- 

f  ■*■  20  Ax  i 


(9.108) 


Formula  (9.  )  is  the  simplest  we  could  devise.  A  better 
estimate  is  provided  by 


(9.109) 


/>r«,oi  *  fl/y i*| i rjijjl [rf, ,  (9. 

'  i  a(y*n(j  \  ' 


110) 


Formula  (9.110)  is  guaranteed  to  be  correct  up  to  a  constant 

factor  for  every  domain,  is  asymptotically  correct  for  slender 

domains  and  is  hopefully  reasonably  accurate  in  general. 

Besides  the  conformal  distance  f  we  will  be  interested 

in  f  [Wi  P(<*i and  thus  in  the  geodesics.  It  is  well 

known  that  minimizing  f  Ff^7f  is  much  easier  than  finding 

P  0 
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the  minimal  path  of  integration  .  Theorem  9.1' s  proof's 
approach  seems  powerless  to  confront  that  problem  but  Theorem 
8.3  comes  to  the  rescue. 


Theorem  9.7:  For  any  £L\<*> 

i ph, to)  $  4 p(' 

t4*P(u,9) 

Proofs  Let  be  generated  by  the  center 

*(o  I 

and  also  normalize 


6{0iU,(*,Sl)  -  A  («)  *  1 

The  basic  idea  of  the  proof  follows.  Suppose 
curve  P(j{}  Oil  starting  from  P(o)-«  . 
monotonically  increasing  domains 

A( *)-  </  OCPrf'hjL  1 

By  formula  (9.6) 


yiW  <Z*i  (9.111) 

of  coardinates 

(9.112) 

(9.113) 

we  are  given  a 
Define  the 

(9.114) 
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(9.115) 


Jlfo)*  0(«,^ )  *Xl 

Define  4  to  be  the  first  such  that  Ji.cf4)  4  J2  : 

(9.116) 


and  there  exists 


c/  6DM4)  /t^il 


(9.117) 


Define 


J>*  P(A) 


(9.118) 


P*  P&  tf'V  (9.119) 

When  A.c(/)<Xl  define  4-/,  ,  P- P  .  Suppose  we  have  proven 
the  existence  of 

n  P'  (9.120) 


Then  either  hf(P  so  that 


(9.121) 

pC+.pi  $  V?*  P 

(9.122) 

or  we(p,<j)  so  that 

(9.123) 

f(p,W  tfftjv-fl,  Dfo ,  ^}]  * 

,UU  -1 

2-  {'fTt+t-cjl 

4 

(9.124) 

and  one  has  to  bound  /w-^!  from  below.  When  (9.120) 

established  we  will  assume  that  . 

Define  the  curves 

will  be 

f  1 

(9.125) 

l/*e  ' 

if  2t-  e 

(9.126) 

(9.127) 
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A 


OsA  St 


(9.128) 


where 


Denote 


±*As  1-,17-e 


(9.129) 


P-x^)  *  P-i^) 


(9.130) 


/*>  i* 


(9.131) 


1 


<  < 


X 

% 


OAC*Ul  — = — 

R  f* 


(9.132) 


«  M+*\  ( *>t,Az  ) 


(9.133) 


(9.134) 
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Cr=  (9.135) 

(9.136) 

and  similarly  use  the  notation  P+ ,  P.  etc.  We  will  consider 
three  cases. 

I)  <  ^  0 

Clearly 


^  9  P  *  9*Vvt,v) 


(9.137) 


so  there  exists 


w*P(i> i,t>)  o  ( P+  vPJ* ) 


(9.138) 


Denote  the  containing  K)  by  Z3'  etc.  Theorem  8.3  and 
Lemma  7.7  imply  that 


C  3tJ7;/  >,  &)  >  l/bty/l 


(9.139) 


Obviously 
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lh*J /> 


r 


lct 1 


of*  er‘e,e\  e'c™ilr*9i 


fsiirf,  0,\>  )  ^  y  J. 


and  by  Theorem  7.6 


V  >  -pr 

'fs 


Altogether 


P  (  firpy i,  ^ 


II) 

Clearly 


>1+Q>,  A^g. 


(9.140) 


(9.141) 


(9.142) 


(9.143) 


(9.144) 


(9.145) 
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ii/7  (<r*,  *])  <$  P_( j-  «  £*(<*, v) 


(9.146) 


so  there  exists  either 


n  {Ftc  /***]) 


(9.147) 


or 


£&v»  [<r/fi,  12 n  <r-(/4,  +«*>]  (9.148) 

Situation  (9.147)  has  already  been  treated.  For  (9.148) 
notice  that  there  always  exists 

4A  f-P(u,v)  a  Dg/(0,1)  (9.149) 

Hence  there  exists 

to*r(#,<fl /I  %\  1  (9.150) 

Theorem  8.3  implies 
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}  fv-yl  )  ’t£((*iOI9  ( 0 ,y)]  y' 


B» 

<T  Hi  d  »  0 

y  MW* 

WI-1  /  - 

IWI 

cr  fau  <o 

L 

• 

■ 

>  mU( '/**”*’& 


(9.151) 


and  obviously  ~ 

&^AIP<  ll*V*-**P'\ 


(9.152) 


III)  A-cr  >  i+9 

Clearly 


Co  t  -Jtt/i  (-«*,«*/ ]  *  £*(*,<*> 


(9.153) 


thus  there  exists  either 
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w*r(iA'0) a 


(9.154) 


y* no*, <si /1  [(--*, -/*)  v  (/ft,  +••)] 


( 0,<f )  *-& 


(9.155) 


(9.156) 


(9.157) 


Situation  (9.154)  is  trivial  and  (9.155-157)  has  been  covered 
in  II). 

Inserting  ,  $«i.26S  into  (9.121-124), 
(9.144,145),  (9.151,152)  results  in  the  right  hand  side 
inequality  of  (9.111).  The  left  follows  from 


*> (9.158] 


Theorem  9 .9  :  For  any  the  curves  r'(iA,iJlfl) 

and  Si)  can  be  parametrized  by  0£t(i  so  that 


(9.159) 


-i-  * 
c 


<u 


sicncJhSi) 

nCZMi.ii) 


Turna  ^ 
•*  ¥ty] 


£  c 


C 


(9.160) 


(9.161) 


Sketch  of  proof:  Normalize  0f(u,O,  Q):  l  and  parametrize 
by  £'s  arc  length.  Divide  the  interval  [o,l]  into 

(0,11  *  (T  (9.162) 

i-0 

as  in  (9.46-49).  Use  Theorem  9.2  to  determine  and 

for  each  OfVsl  define  PC to  be  the  piecewise  linear 
interpolation  in  P  1 s  arc  length  of 

Pf  j  :  -Ch'C1 — »  f«}»fw-t}L  (9.163) 

\-0 

Formula  (9.159)  holds  at  the  ^'s  and  implies  (9.160)  there, 
but  a  much  better  c  is  obtainable  by  the  construction  in  the 
proof  of  Theorem  9.2.  When  formulas  (9.159,160)  are 

easily  extendable  to  all  C *  1  and  the  real  part  of 


On  Q££l  iS  bounded.  The  imaginary  part  is  bounded  at  the 

Olf  J it*  4 

tj, ' s  by  {J/  s  construction  and  Theorem  5.4,  and  the  bound  is 
extended  to  all  £  by  formula  (9.16).  The  case  i"*0  requires 
special  consideration  but  notice  that  Theorem  9.2' s  proof 
shows  that 


ft  i  C 


(9.164) 


and  the  rest  is  similar. 


10.  Perturbation  and  Localization  Theory. 


The  goal  of  this  section  is  to  estimate  the  change  in 
conformal  mapping  related  functions  induced  by  changing  the 
domain  X l  to  SI,  with  as  little  relience  as  possible  on 
detailed  structure.  Most  of  this  section  is  dedicated  to  the 
simplest  conformal  functon:  f~(<S,£L)  where  More 

complicated  functions  such  as  A\  ^  ^  (v>,  will  be 

considered  at  the  end. 

First  we  must  study  infinitesmal  perturbations.  A 
smooth  one  satisfies 

)^{*ec9  fo*  ao.D 


We  want  to  compute  q(  -,0,,/Lj  because 


(10.2) 


Recall  (5.21,23) 

Rtf})*  -At  jfPVl 
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The  boundary  condition  is  approximated  by 


Rj  ^fer9)^'t&9)  * 


(10.5) 


This  is  a  Dirichlet  problem  in  0(0,1)  whose  solution  implies 


(10.6) 


In  particular 


(10.7) 


Formula  (10.7)  has  elegant  error  bounds: 


Theorem  10.1:  For  any 


|X  Am<* 


&  F(o,J.)4  (io.8) 


Conjecture: 


p  <  x  *L  ,  xp_ 

$  3  vt j  J  f  TT 


(10.9) 


This  theorem  is  hidden  in  (  3  ] .  The  conjecture  is  ours. 

Suppose  we  are  given  sieS  and  required  to  change  fl(0h  It 
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to  Xl(i)~JX  continuously  and  monotomically 


^  SlftoeSlfJi) 


(10.10) 


The  simplest  way  to  do  it  is  Loewner's  method.  Let  the  Jordan 
curve  P0e£l\fl  connect  3j(l  to  and  define 


p,p0®^a  ,  p0es(vn,?&,ft\si) 


Let  P  be  parametrized  as  P(^)  and  def 


(10.11) 


me 


£U4i*fi\  PCC*.  il) 


(10.12) 


The  change  from  to  II  Of)  is  inf initesmal  though  not 

smooth.  It  turns  out  that  (10.6)  still  holds  with  d($)  a 
delta  function 


t'ififl 


(10.13) 


A*  (csi(^-a,<s,  H(*i] 


(10.14) 


/a(4)  >,  0 


(10.15) 
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The  proof  is  simple.  Clearly 


A0CA*  0(4,t) 


(10.16) 


jt0- 0(o, l}\ DL  e'rr*\  QCtil  (10.17) 

The  harmonic  function  from  (10.3)  satisfies 

0  jlVA,  *  10(o,l)  (10.18) 


^t^Ao  a  0(0,1)  (10.19) 


The  Dirichlet  problem  in  is  exactly  solvable  and  yields 
(10.13).  Formulas  (10.13)  and  (10.2)  for  flrf-tl  ,  £L(A ) 
combine  to 


We  have  not  insisted  on  any  fixed  £  direction  such  as 
di  X2)>0  so  we  can  and  will  choose 


(10.20) 


rr*>*-  0 


(10.21) 
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Of  course  (10.21)  implies  an  added  rotation  to  (1.10),  but  we 
will  not  use  them  together. 

The  worst  obsticle  to  the  use  of  Theorem  1.2  to  bound 
p(i9,Cl)  from  below  is  the  requirement  that  the  comparison 
domain  Cl i  must  contain  every  part  of  Cl  no  matter  how  far  and 
insignificant.  The  following  argument  shows  a  way  to  throw 
out  something. 

Theorem  10.2:  Suppose  that  (S^ClicClz  where  the 
domains  are  possibly  multisheeted.  Then 


The  inequality  is  sharp. 

Proof:  Let  us  continuously  change  Cifa)-Cl±  to  fLCUidz  by 
Loewner's  method.  Differentiating  (10.20)  with  respect  to  14 
results  in 

ft«tv,nrtn  1  j  (10.23) 

Inserting  m-Q  proves 

F£0,£llAl]  =  (10.24) 


<  PfiP.IU) 
HSlit  vjlii ,  (9,  Hi,)  '  Pf<F,XU) 
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(10.25) 


and  for  5  £*  ^ 

3<  L 1 {(<*,«, am-  -  $  ^ 


Clearly 


1*  CO  [^At  tfSli,  (3,  -fl  (*>  7 


(10.26) 


\yc"3Q(°/i)  /  W~6\j 


(10.27) 


thus 


7141.L1  [i$axtftSXXlitl£lJ(4i~[>,-'h  L  PCo,£lrfi 7  (10.28) 

Integration  between  ^*0  and  results  in  (10.22). 

Equality  holds  iff 

^(At,  if,  ill.)  8  DfOfl)^  lC,  i]  (10.29) 


In  practice  is  not  worth  the  trouble 

to  estimate.  Even  when  it  is  ignored  formula  (10.22)  is  an 
excellent  bound  when  is  connected  i.e.  we  extend 

J&i  only  at  one  location  (later  we  will  see  how  to  handle 
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several  locations) .  For  example  let  H  be  a  rectangle 

£1*  (-0,0)  r  c(-l,  i) 

and  let  H  be  its  extension  into  C  when  the  edge 
is  erased 

Then  for  a»l 

and  Theorem  10.2  implies 

-£(1-2  e**)  ?  F(o,$li  *  -JCi-r'ie7*; 

*1  *1 

which  is  a  very  tight  bound  even  for  moderate  C\  .  The 
value  is 

pr»(Ki~Trf‘’<'*-£jeT,7 


(10.30) 

■,n 

(10.31) 

(10.32) 

(10.33) 

(10.34) 

correct 

(10.35) 
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The  extension  £U.£l  has  a  large  area  but  little  effect  on 
F(c,'l  .  Moreover  most  of  the  effect  results  from  the  part  of 
.2L\SX  near  the  edge  .  For  instance 

Fi<J,(^,arl)  +/(-!,  £fl  ~  l;C±TCtr$XT)  e™l  (10.36) 

The  mere  knowledge  of  determines  up  to 

a  factor  of  2.  How  much  more  would  we  learn  by  exsamining 
part  near  <J-  in  more  detail?  Combining  Theorems  10.2 
and  8.1  we  obtain  a  localization  theorem: 


Corollary  10.3:  For  any  (ft Si  ^ «»  ,  *  *  i 


<  R9,  Si ) _ 

F(0, 


<  i 


(10.37) 


Conjecture 


w 


(10.38) 


Our  maximal  F  change  bound  is  off  by  at  most  a  factor  of 

2. 

Before  proceeding  any  further  we  must  make  some 
definitions.  Let  A  be  a  set  of  d  disks  each  of  which  has  a 
specified  center  even  if  it  equals  all  il  .  A  subset  Be  A  is 


ICC 


called  a  JL*  core  of  A  »  denoted  by 


Be  T(A ,  <*1 


iff 


(/  0 
0«-8 


*  U  ’Cult 

0(},A,£l)t-A  9 


A 


where 


/A>, 0« 


Lemma  10.4?  For  any  nonempty  compact  set  of  ft 
A  and 


T(A,r) 


Proof:  Define  a  Rffi)  <?  'T(  )  inductively  by 

B(A)'"C 0*(A)}  o  Gt-Cotya)*#!  j*  Dnf  Aftl 

where  DM(A)^A  maximizes  the  radius. 


(10.39) 


(10.40) 


(10.41) 


d  disks 


(10.42) 


(10.43) 
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Notice  that  a  division  of  (9.46-49)'s  general  type  for 
moderate  is  provided  by  any core  of 

I  y'Z(u,w'}. 

Suppose  that  UeSlnSl  .  Define  the  perturbation  boundary 

7)A(ol£'lC)^‘$£fr<(v(£Lslt)\  ao.44) 

Define  the  reduced  perturbation  boundary  by  imposing  a  disk 
condition  in  -A 

I  I  3  ffui  *■  bc[i*i  ^■rlA.falSL,£l)~\  <UiJ 

(f)«*\*V  0[pd*i,*S/)A«4,ai3.)]c  £l  )  J  (10.45) 

where  the  perturbation  radius  at  is 

SIa(<a,£1,1C)*  (10.46) 

Notice  that  the  condition  inside  (10.45)  is  automatically 
satisfied  for  any  •  Our  results  will  not  be 

affected  by  imposing  an  extra  disk  condition  in  il  or 
replacing  (10.45)  by  a  cone  condition.  For  each 
define  the  perturbation  size 


i- 1  {(  f ((*>,<!  ,Sl)(  6*3  & 


and  the  perturbation  disk 


Ogi jTti,  ^  r>^(u,H,I^ ), Jl"] 


The  relative  F  perturbation  is 

FW,  ill  ■'FlQ,  ill 


Theorem  10.5:  For  any 

lAFto,X*,fil  I  *  Ci  Y  feCu>  A  < 
04rn,il,iTi  ft6 


&  IH.fi  ,  jia><  o 

^  *zr 


where  7k  is  any 


7+*T[{DaM,&1  I  Ue\C</f  £,&},/*  ] 

Moreover  when  .Dc.fl  or  ilc-D 

lAFCO^/lZi  I  V  C/axZ  <^T") 

'  *• 


(10.47) 

(10.48) 

(10.49) 

(10.50) 

(10.51) 

(10.52) 

(10.53) 
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Proof:  Clearly  j/*i  •  We  will  prove  Theorem  10.5  for  .flc-H  or 
and  obtain  the  general  result  in  the  following  way.  For 
any  ,  *a  ^^10- 


0C« ,  0  Caa,j\(v 

so 

Oft,  a  0  C*.  1 8  O 

Hence 

T^TtoTz 

7’t*T[fQA(4tt{l,Sl )  {  p  J  =■ 

~  T£’(QA(i*lR/Slt)  {  U)}  .ylt]  (10.57)- 

Tx*T [ i -fl-fiT)  /  <■  ”3  JXa  ^  r/M~J  - 

*  I  ['CDaC<a  f-Q*r&)  I  IT/ }  ,^7  (10.58) 


(10.54) 


(10.55) 


(10.56) 


where 


(10.59) 

Theorem  10.5  applied  to  results  in 

lAP(0,fl,Slill  £  C  2f  feCto'Vt&i&t)  (10.60) 

o t/m  a,  Oner* 

lAF((fr-0 ^ )  (10.61) 

O/'fixu.rn 

Obviously  for  any  <A  i  p  *^4 (OiS^i,Sl) 

<h«AlV,SllSli)*<fAto,(>t&3)  (10.62) 


Obviously 
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(10.65) 


Let 


T*  I  CtOjlQiWf])  ,0(0,1)]  /  Jf  ZAWHO,!),  4 1]  (10.66) 


JUji  Dfo,i)]  =  I’fy1 


(10.67) 


He  will  prove  that 


CtZ  ~  *' 


^ZaVji  nh) 

OdfJ*T  Djtyf-T  * 


(10.68) 


Denote 


(10.69) 


The  upper  bound  on  1- F'l(o,JL)  is  obvious: 

r  /'I  -j 

^  -f  .  FLQ,OCo,i)\£t  0+  ] 

f  nJL) ^ ^uDn'K*F(o.^iiu  \ >r 

A*i 

>,  TP  P'iCo,B(o,n\  0;  1  >,  T  @-r/fo  >,  c  £a,v  ,10  70) 

/*!  J  *  fit  1  l10,  /U; 


and 
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(10.71) 


JM  f  }*i 


Z  £  T  (10.72) 

i>,4  1  M  J 

The  lower  bound  is  a  bit  tricky.  Replace  O/}/**  by  any 
finite  subset  thereof  and  arrange  it  monotonically 
nondecreasing  in  nj 

]*4,  ->  fljlM  (10.73) 


and  define 


Then 


6}  --Ptf])  flAj'OfyUl 


(10.74) 


fVc,jLu  7T 


pffl,  ^  [o ,  Oro,m£tt04A5jL)J) 
P fo(4*  fo,  Ofo, i)\  ) 


< 


*  TF 

m 


Ffo,  fr) 

Ra.  Q/i 


p'fojr Pj,o,$jn 

i*t  V 


(10.75) 


where 
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©pD( o.i-ZV  v* 


(10.76) 


(10.77) 


Clearly 


Gj/iDj'tlTjLeS(]/'*Qj>Qj  1 


(10.78) 


so  by  Theorem  3.3 


?'[*,{(  PyO.^n  ‘  HT^i' 


(10.79) 


where 


(10.80) 


Formulas  (10.75,79,80)  combine  to  prove  the  leftmost 
inequality  of  (10.68). 

ire  will  transform  (10.68)  to  II  •  For  any  thece 
exist*  such  that 


i*Aj  *  0/(Uf  1  *  '* 


(10.81) 


u< 


Theorem  3.5  implies  that 


S)j  i  <&((*;,</,  SI  ,£) 


(10.82) 


which  proves  the  upper  bound. 


<}*((*, <9, SI, St l  ZC  J\[^«t,U,Sl) ,  0(0,1)] 


(10.83) 


and 

<“**0 M  <UT"A 

where  — 

E(uhD  [((*», 

Thus 


(10.84) 


(10.85) 


2.  <£?(»>  s  cA  2 

D/h)fTA  p' 


which  proves  the  lower  bound 


Now  assume  that 


iuir. 


Define 


Afle*  #W  c_ 


(10.86) 


_A>  (cn,v,3f) 


(10.87) 
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the  construction  of  (10.66)  is  too  crude  for  this  case.  We 
claim  that  either 


ri(0,A)  (.  £ 


(10.88) 


or 


djt  0(0,1)  *  (/  fi 


(10.89) 


where 


A  -  £  l ,  OforD]  /  J  e  V3  00,  i ) 

3  jfy*  D[j ,/)?])]  OC</r]j,flfj)]cjLlj  (io.90) 

Suppose  that  jUO.j!)  .  For  any  ^0^0,1)  define 

to  be  the  first  0<-J  <1  such  that  J%L  ncr/-j,  jfc/l  .  Hence 

l<j}l  z 

^  0Ci-4/~-)cJ.  (10.91) 

and  there  exists 

3*  /DC*')  (10.92) 

It  is  easy  to  prove  that 


J66 


^6  3 


(10.93) 


which  proves  (10.90).  In  case  (10.88)  set 
where  ^  maximizes 
both  cases  the  proof  of  theorem  10.5  proceeds  as  before.  The 
relations  between  (10.45),  (10.90)  and  the  rest  of  the  proof 
are  the  following.  In  order  to  prove  (10.83)  (for  ilrjl  )  one 
needs  (10.90).  The  area  argument  in  (10.86)  necessitates 
(10.45)  and  once  (10.45)  is  imposed  formula  (10.81)  relies  on 
(10.90) . 


aQ|  .  In  case  (10.89)  set  T-T(A)  .  in 


Formula  (10.51)  indicates  that  the  perturbation  can  be 
broken  into  basic  parts  and  that  up  to  a  constant  their 
effects  simply  sum  up.  This  should  not  be  misinterpreted  to 
mean  that  there  is  not  much  interaction  between  the  parts. 

For  instance,  in  Fig.  10.1  adding  ^z.  toil,  has  far  less 
effect  than  adding  4^  to  floAi. 

Theorem  10.5  estimates  AF  as  accurately  as  can  be 
reasonably  expected  except  that  the  lower  bound  may  be 
extended  to  one  which  is  valid  in  general,  though  it  may  be 
in  many  cases  because  we  know  the  amplitudes  of  the  positive 
and  negative  contributions  only  up  to  a  multiplicative 
constant.  The  detailed  XI  structure  has  not  been  completely 
eliminated:  -UsO-H  appears  in  (10.52).  Still  it  is  remarkable 
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that  we  have  gotten  even  that  close.  The  part 

^  DjfuieT* 

corresponding  to  <A  e-DJl  can  be  replaced  by 

^  $(i*t O, -Qt-Q-I  60 cdi*,£l  1  (10.94) 

K(\T)4»(0,Sifl£i) 

which  is  similar  to  the  infinitesimal  formula  (10.6).  The 
rest  of  the  sum  has  a  similar  upper  but  not  lower  bound. 

THe  rightmost  bound  of  /AF/  in  (10.51)  follows  from  a 
fraction  of  the  complete  proof. 

Define  the  maximal  external  curvature  of  (Uy,  C(P,  SIa  fl } 
relative  to  O  to  be 

K(0,£L,J D*  -i* vy3  r~  )  •^«.»,U»7(10.95) 

Uf.T&*(O.Sl' I  if)  J 

where  )  denotes  curvature  at  (A  which  is 

positive  (negative)  when  £«*  ( " )  is  locally  convex  (concave). 
Inserting  the  <a f  Df")  which  minimizes  /vf-0/  proves  that 

Kr<J  ,M,SLn-t  (10.96) 

Theorem  10.6:  For  any  {fcflflfl  -Q-v -Cl 
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l  4€*f 
(A^Ct^CO, 


aftft-fli  Aju,P.,JX} 


fjtftUU  ^  1  1  ffufrASb  i 

kcvMi+ij  *kcv rSi'fiM 


(10.97) 


Proof:  It  is  sufficient  to  prove  (10.97)  for  flcSl  because 

-,_n 

then  it  applies  to  _£U  -  f(9,  )<?Sl  and 


d(<A,V,  £i)>rd(<AtV,Sl) 


(10.98) 


(10.99) 


Thus  assume  that  Dc-ft.  Let  $4  if  ;  maximize 
dcXutit,SL,R)  and  denote  </t  -  prtt )  of  (10.45).  Theorem  10.5 


implies  that 


lAFltcfa?*’0*'**’ 


(10.100) 


Normalize 


(10.101) 
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Let  be  the  first,  if  any,  P  ( Ut,if  t  SL)  points  in 

(<*i  i}  tA  1  /  -L  ,  SI )  respectively.  Clearly 


(10.102) 


x  . 

3^4 


Suppose  that 


3^T\A<  JL 


i  i 


(10.103) 


Then  for  any  ^  <?  ,  Si  ) 


£  afe, 4  4  K 


(10.104) 


Thus  for  any  X,Sl) 


(10.105) 


where  y\  is  the  inside  normal  to  at  <A  ,  Corollary  10.3 


implies  that 


F(**,SL)  >  (*■ 


l-'i'i  ’jT'  £ 


IfljC-'  I**  -£'*1 


(10.106) 


v  *  ftj-d/ 


(10.107) 
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Hence 


H  ~~~z  ^* 

*T  ( ^  ♦  ( “n* >y  f  * 


V* 

Together  with  (10.102) 


*jfe 


/  (10.108) 
/*z  Ti*V°  l-LU*-LUO/ 


p(uu#^\  \L  +-  +  ^ JL( j\i+  ~  )  *<r  (10.109) 


Similarly 


I >'  T-^/f 


(10.110) 


Formulas  (10. 100f 109,110)  prove  (10.97) 


When  K  is  not  available  Theorem  10.6  degenerates  into 


(10.111) 


where 


<r<o,-Q,$l  --  ^  -WE-fti-V^-W  (xo.112) 

will  be  called  the  directed  distance  from  il  to  -ft  relative  to 
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tf  .  To  get  an  idea  about  how  cr  behaves  consider  the  four 
cases  in  Fig.  10.2. 


Localization  is  a  special  kind  of  perturbation  so  Theorem 
10.6  is  applicable  to  the  situation  of  Corollary  10.3  and 
implies  that  for  any  ?  i 


_ j 

f(o,  oe/Cvl«A/v,s)),siv  n* 


(10.113) 


4 

which  is  inferior  to  the  bound  obtained  there. 

•c 

For  moderate  K  the  bound  (10.97)  is  linear  in <J  .  When 
K  is  large  it  is  proportional  to>£F  .  Can  that  happen  to 
lAFl  ?  The  simplest  nonlinear  c T  dependence  occures  for  an 
internal  corner  such  as 


IL~-£\  ,  (/-  1 


(10.114) 


It  is  perturbed  to 

-fU  -0  \  iS*  (10.115) 

The  magnitude  of  /  AFf  /  is  provided  by  Theorem  10.5. 

Let  us  consider  only  the  part  of  UP  near  1,0 )  .  in  this 

case  a  is  easily  chosen  to  consist  of  £  disks  whose 


-:w  !j- 


L(u\^c 


VctTuTT 


(10.116) 


Thus 


|iflK  Z  -f  >  « 

r-i  3 


(10.117) 


A  similar  upper  bound  holds. 

The  previous  example  shows  a  nonlinear  0~  dependence#  but 
the  nonlinearity  is  extremely  tame.  So  let  us  add  more 
external  curvature!  The  star  A-C\0f  is  a 

dismal  failure.  However#  the  fractel  in  Fig.  10.3  succeeds 

when  k\  is  large  enough. 

Theorem  10.7:  There  exists  a  domain  SI  and  a  <S*Sl  such 

A- 

that  for  any  0<0~<1  there  exists  a  SI  such  that 


o~{o,Sl,Si i  *  <r 


(10.118) 


IafM&'SiI  >  c  <r' 


(10.119) 


^  SV<i 


(10.120) 
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3  or  3 


where  Ty  is  the  set  of  (P^  Pyt)C  '  s  connected  componets. 

We  have  lumped  together  opposite  parts  of  for  notational 

simplicity.  The  equivalence  of  Gu((/I  to  <£/«*) ,  <A(  (J  is 
obvious.  Theorem  3.4' s  physical  interpretation  is  intuitively 
useful.  In  its  terms  fL  was  designed  to  compress  the  charge 
lines. 

Each  intersects  (/*Tj  which  will  be  labled 

Ui  ,(/i-  -  -  We  claim  that 

C WUhtfy&j)  >,C  Oo  (V/,  <9, &j-i) -Our  (//,,&  )  (10.127) 

where 

fi<\W\y  Ut  \[wr c(W-Hf)]  (10.128) 

hi 

(J-~  *  •*&"'*>*  w  (10.129) 

k>  is  the  center  of  the  interval  W  and  *  is  its  tangent  so 
that  (?  is  well  inside  flj  in  W's  scale.  The  proof  ,relies 
on  (jo's  perturbation  theory  which  will  be  outlined  later  in 
this  section.  Formula  (10.127)  is  obtained  in  three  steps. 
First  for  any  two  infinitesimal  dcjt  f  atcfz<F& 


second  a  localized  result 


and  third 


Cm(S(,  i9,Jlj  l\cb)(  W,  V,  SI j-i ; 


Formula  (10.127)  implies 


\A-tl 

21  ts/ktU,  v,Siji  vc >t  &/Yw,  <y,  Jiy-i ; 

/i-i 


where 


in-*"1 

^--2:  ^r%S,a) 

A**, 

\ 

is  independent  of  J  or  W.  It  is  easy  to  show  that 
(10.117) 


Xi  tA 
Vn 


(10.131) 

(10.132) 

(10.133) 

(10.134) 

as  in 

(10.135) 


By  induction 


(10.137) 


jbJkx* 1 

v-  JZZT 


•  ■* 


Conjecture  10.8:  For  any  ye  fi/i  SI  f  $  ±Li/SL 


j  AF(o,SL,SiH  *  c  <r*fv,Sl,Sl) 


(10.138) 


<  V<  1 


(10.139) 


It  is  time  to  consider  other  related  functions  besides 
.  There  seems  to  be  only  one  other  independent 
monotone  function:  Si) .  The  conformal  distance  function 

"contains"  the  harmonic  measure  function  because  for  any 
61*1X11  having  an  inside  unit  normal  ^ 


f 


,<S,  A) 


(10.140) 


More  generally  we  know  that 


and  Ffyi  determine 


{Dh  A  third  basic  function  is  Ajv^  where 

"3i  0  .  Together  with  pfu,^)  it  determines 

and  alone  it  determines  ^ha,v)  because 

/Uj  {(<*,*)  -  A*j  +  7T  (10.141) 

Por  completeness  we  will  also  consider  JLy  ”3*, 

The  entire  F  perturbation  theory  except  of  Theorem  10.1 
is  generalizable  to  the  above  mentioned  functions.  Of  course 
the  nonotonicity  dependent  upper  bound  of  Theorem  10.2  and 
lower  bound  of  Theorem  10.5  generalize  only  for  f  .  There  is 
no  point  in  going  over  all  our  previous  results  so  let  us  see 
what  happens  to  the  most  detailed  one.  Theorem  10.5.  For  any 

IL  define  the  reduced  perturbation 

boundary 

^y/v o  'W<*,.n,£)  (io.i42) 

Of 

Notice  that  -Hz-fl)  (if,  jfl.il )  only  when  the 

perturbation  is  so  large  that  it  can  hardly  be  called  a 
perturbatin,  a  case  which  will  be  excluded.  Define  the 
perturbation  size  at  to to  be 

Ot  Pe«4,OfSll 


(10.143) 


$  4T  a 

Theorem  10.5:  Suppose  that  1 ,  r(i*,(*,£l)c  £ 

©ofcXIuft  and 


£,&}  *  C 


then 


j[A*f  {(»,».  )]  lf(  i 


■z  <*>  |C JiSltSl)  (fK4^WrW,y,iii 

and  for  any  *>t 


0Afw,fl,Xlif  Ta 

where  Ta  is  as  specified  in  Theorem  10.5  and 


(10.144) 


(10.145) 


(10.146) 


(10.147) 


jf  A 

$<rr*ii  ^  (io.i48) 

JUt 

t--fCV4>Xf  |  *4>,0  /  X^**}  (10.149) 

Moreover  when  ••cil  or  ilcil  the  reverse  of  inequality 
(10.145)  holds  with  a  different  constant. 

Under  the  previous  assumptions  for  any  ]1Q 

£  <f/  (<a, « j  u,  o)  $  ~  * 

•  H<*1  (10.150) 

( 0A(  W7a  '  r  J 


^  <  _ (ja  Ct4,<A>9,Il } 

c  '  nfrMl) 


(10.151) 


where  <9  *  Pc(iA,it,JX)  maximizes  J^CW,(>f£l,  SI )  . 


Corollary: 


■Cl 

xv 


^  c  2  fc  ,v-/ 

7k 


(10.152) 
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|  3” •>](£  |<  c  (10-153) 


DJV)*Ta 


Condition  (10.144)  is  the  weakest  reasonable  formulation 
of  the  statement:  £1  is  a  perturbation  of  .Q  relative  to  u,v- 
of  relative  size  less  then  c  .  When  (10.144)  is  violated  for 
the  upper  bound  of  Theorem  10.5  is  useless.  Notice  that 
when  tfO.fl  both  nfvi)  and  are  0  but  they  cancel 

each  other  as  in  (10.151).  The  in  (10.147)  implies 

that  <)£  /i>,i  is  mainly  affected  by  v's  near 

6*  .  In  contrast  A is  mainly  affected  by  w's  near 
A  more  direct  way  to  se  these  facts  is  to  combine 
localization  theory  with  Theorem  5.1.  Each  of  the  j  indexed 
terms  in  (10.147)  bounds  the  change  in  the  real  and  imaginary 
parts  ot  the  generalizations  of  (5.21r22). 

The  single  most  striking  fact  about  formula  (10.147)  is 
that  it  disregards  the  smoothness  of  the  perturbation.  The 
situation  is  analogous  to  the  following.  We  want  to  compute 
an  integral  transform  in  <a*£1  whose  integration  variable  is 
UffTSl  .  The  kernel  is  singular  at  lA'htt^Sl  and  we  know  only 
the  order  of  magnitude  of  the  transformed  function  and 

its  sign.  Formula  (10.147)  is  the  best  possible  under  these 
circumstances.  The  reverse  of  inequality  (10.145)  holds  with 
a  different  constant  when  Jl  or  jfcfl  because  then  the 


integrand  is  of  a  fixed  sign,  a  great  amount  of  cancelation 
occures  when  u.  is  near  ,  most  of  the  contribution  to  the 
sum  comes  from  <*'s  immediate  neighborhood  and  the 
perturbation  is  smooth.  In  that  situation  (10.147)  is  of 
little  use. 
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11 


1  ^ 


Humeri cal  Conformal  Mapping. 

Suppose  that  we  are  given  a  simply  connected  domain  il . 

In  the  easiest  to  simulate  incompressible  fluid  problemes 
is  periodic  so  it  can  be  scaled  and  rotated  to  satisfy 

(11.1) 


3  c  ct  <  0  {•&)  c  £l  (11.2) 

which  will  be  assumed  from  now  on.  He  want  to  conformally  map 
il  onto  the  half  plane  Let  us  parametrize  DSl  by 

— •  sy  as 


(11.3) 


»  gm+iTr 


(11.4) 


Several  parametrizations  desined  to  resolve  DSl  will  be  given 
later.  Define 


(11.5) 
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The  functions  are  analytic  in  6  and  bounded  at 

(compare  with  (5.21,22))  so 


(11.6) 


(r -(H)  *  o 


(11.7) 


where  I  is  the  identity  transform  and  f~i  is  the  Hilbert 


transform 


xv 

i  U/f*l 


mv*,.  -i.(  w:  r '  e>9<*, 
T  x~  l  4<h, 

z 


(11.8) 


Manikoff  and  Zemack  (  10  1  took  the  imaginary  part  of  (11.6) 


<£n,  0  =  H  (fa  *  c 


(11.9) 


and  rewrote  (11.8)  as 


xv  .  • 

Hyr*/  •  ^  ^ — ct/fx')  (li.io) 


where  Hx  is  the  hilbert  transform  in  X  .  Actually  they  have 
used  different  notation  and  have  parametrized  K*  fa  ^  .  Anyway 
when  j  is  specified  (11.9,10)  is  a  nonlinear  integral 
equation  in  Q  .  Notice  that  it  is  well  behaved  even  when  9 


is  an  extreme  contraction  of  x  .  Manikoff  and  Zemack 
numerically  approximated  (11.9,10)  and  solved  it  by  Newton 
iterations  where  an  A/  point  approximation  requires  OCA/x! 
memory  locations  and  operations  per  iteration. 

The  HZ  method  has  another  fault,  minor  incomparison  to 
the  &nvx)  storage.  The  numerical  separation  of  H  into  Hx 
and  H-H*  may  strongly  increase  the  influence  of  on 

We  consider  the  derivative  of 
because  the  shape  of  near  does  not  depend  on  an 

additive  constant.  Moreover  for  any  harmonic  function  y 


(11.11) 


where  is  (j/1  s  derivative  in  the  inner  normal  direction. 
Clearly 


wf-n  ■  ^  ai-i2) 

so  y^Cx')  '  s  influence  on  t/fo)  is  proportional  to 


I  9(y’)  -  OC'f.) 


(11.13) 


which  can  be  much  smaller  then  the  — - - ;  influence  of  (P(t’) 

t's'-ycl2'  7 

on  .  In  other  words  the  MZ  method  is  not 

conformally  local.  That  holds  with  venagence  for  vortex 
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methods* 

Like  the  previous  approach*  our  scheme  is  a  perturbation 
method*  but  it  is  explicit.  Soppose  that  we  have  the 
functions  and  want  to  perturbe  fl  onto  H  .  For  time 

dependent  domains  O-(d)  the  perturbation  is  infinitesmal  and 
one  may  write  A  cM  as 

(11.14) 

where  A  is  the  velocity  and  Oj  is  the  substatial  derivative. 
We  willadjust  HSL*  s  scalling  by 

d+'bt  +  Al'*  (11.15) 

When  iterating  towards  fixed  XI *  ^  one  simply  defines 

A  --  (11.16) 

A* 

where  a/  is  arbitrary*  and  performs  Euler  time  stepping  on 
(11.14)  and  and  other  equations.  The  well  known  formula 
(10.6)  can  be  written  as 

Di  &  --  Ri  r^-  (11.17) 

It  can  not  be  used  directly  because  where  0  croweds  0*0  can 
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be  larger  than  3yd  by  many  orders  of  magnitude.  Our  first 
numerical  observation  has  been  that  when  (11.17)  is 
differetiated  by  0  it  gives 


Ojf  3*d  a  "D©  Ojf  0  A  ■» 

■  )]  (11.18) 


c)y^ 

which  is  well  behaved  even  for  complicated  domains.  We  were 
led  to  (11.18)  by  the  theoretical  observation  that 
and  not  is  the  correct  function  to  consider. 

Notice  that  as  far  as  il's  shape  is  concerned  /'s 
tangential  component  }  is  arbitrary.  However  it 

is  numerically  advantagious  for  it  to  be  derived  from  either 
the  physical  velocity  or  (11.16)  so  that  singularities  move  at 
velocity  A .  That  advantage  is  realized  by  replacing 
inside  the  square  brackets  of  (11.18)  with  A  (Y) -  A 7y )  . 

Notice  the  improvement  near  a  corneror  for  a  small  scale 
structure  on  which  most  of  A  is  translation.  The  modified 
(11.18)  is  locally  translation  invarient. 

It  is  time  to  list  our  conformally  local  numerical 
implementation.  We  will  choose  JX('iiA')  from  (11.15)  to  be  a 
sum  of  delta  functions  in  the  time  £  so  that  within  each  time 
step  n~0  and  at  its  end  the  scalling  is  reset  abruptly 
without  any  time  stepping  errors.  All  the  functions  <g,  Q  etc. 


.  r  .  / 


if ^  ^Z,)] 


■**  C 


where  the  constant  c  is  determined  by 


f  A*9^  -17r 

The  imaginary  part  of  ^  is  constructed  by 


The  numerical  9*^  ,  l-ltf  of  nice  functions  y*  ,  and  9*6 
are 


M  7  ^  ^ 


4VX. 


-**  • ■  *  £"“*  • 


*<t»  >^4 


9y~Gt 


&(, 


(11.26) 


(11.27) 


(11.28) 


(11.29) 


(11.30) 
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t  • 


fl- 


Mrv\ 


+V-'U 


% 


T>*e<, 


] 


(11.31) 


^V>  -&&r 

7. 


t  -  &**$*>*>«<*  - 
**  Qv  -  &4zj 

V+4,A-t 


~n  /l^y, 

Z  Z 


-  j~3x0<,  «*•  d*^^-  ** ('**-** ~  ~) ^A} H.32) 


Formulas  (11.29-32)  are  conformally  local  and  are  accurate  to 
an  infinite  order  in  See  the  Appendix  about  (11.29). 

At  the  end  of  each  time  step  a  rescalling  is  done. 
Suppose  that 


(11.33) 


Then 


190 


(11.34) 


_  Z  ('L> 


<c  Utt 


„ .  -v 

^  I 


(/Sf 

;^SEg 


“d  ■*&/,' 


1*» 

4' 


4'-X« 


1W  -**£**- 


The  points  are  speci£iedby  some  scaling  formula.  For 
instance 


A,y  «  C  V# 

*j"  /A, t  z(4if  lZ+  Ql  **’*‘L^~  **  ^  Itf  )**]  1 11  • 3  5 } 


where 


0<^i,  ^<1  (11.36) 

are  constants  and  V*  is  a  smoothing  operation.  The  constant 
is  determined  by 


TAyc?4*nr  (11.37) 

X 

Notice  that  (11.35)  is  constructed  so  that  V  is  not  much 
dependent  on  X  .  Particular  choices  are  /a*0  where  V 
approximates  a  constant  times  ‘Sil's  arc  length  and 
where  '  s  density  is  approxmetely  proportional  to  3ii*  s 


curvature  when  it  is  large 


For  incompressible  irotational  flow  problems  the  velocity 
is  determined  by 


(11.38) 


where  the  potential  function  <f>  evolves  according  to 


*  -£  /  A  I1-  y 


(11.39) 


Our  numerical  method  (11.19-39)  has  not  been  implemented 
yet.  An  early  version  based  on  (11.7)  and  (11.18)  with  the 
standard  spectral  ch  has  been  programed.  It  did  very  well 
on  time  dependent  domains  where  X  was  given  aperiori, 
including  a  saw  teeth  domain.  However  when  applied  to  the 
Rayleigh-Taylor  instability  it  developed  an  explosive 
numerical  instability  when  the  spike's  tip  resolution  became 
poor.  The  same  behaviour  has  been  shown  by  the  Hanikoff 
Zemack  method  and  the  vortex  method  but  the  vortex  method 
blows  up  at  a  later  time  than  the  HZ  method#  and  (11.18) 
performs  similarly  to  HZ  with  much  fewer  memory  locations  and 
operations.  We  hope  that  (11.19-39)  will  do  better.  At  worst 
it  is  flexiable  enough  to  be  modifiable  into  something  better. 
Conformal  locality  will  be  certainly  usefull  in  truely 
complicated  problems#  when  we  do  not  want  a  poorly  resolved 
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pact  of  3li  to  contaminate  others. 

He  still  have  two  points  to  mention.  One  is  the 
neccesity  foe  specifying  the  center  O  of  the  conformal  map. 
The  conformal  mapping  is  used  only  to  compute  bY 

and  it  is  center  independent.  The  choice  in  (11.5)  is 

highly  natural  because  of  (11.2),  but  can  it  be  avoided  in 
general?  The  Schwazian  derivative 

(Hr-l)  3*0  )*  (11.40) 

is  center  independent,  but  we  do  not  see  any  good  comming  out 
of  it. 

What  about  muliconnected  domains?  The  standard 
cannonical  domains  have  corners  but  the  following  choice  of  a 
cannonical  connected  domain 

b(o,u\  5 *  0ef  •</ 1  if  $  ,ap  (11.41) 


(11.42) 

is  smooth  and  treats  all  3-ft's  components  on  similar  footing. 
However  the  Poisson  kernel  depends  on  2  real  variables  for 
doubly  connected  domains,  4  for  *1*3  and  3H-S  for  **?.  One 
way  of  computing  the  kernel  for  *>2  is  to  forget  (11.41)  and 
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replace  XI  by  its  multisheeted  cover  XI*.  Numerically  only  a 
finite  number  of  sheets  can  be  considered.  In  order  to  reach 
accuracy  £  one  has  to  take  sheets.  These  sheets 

contain  A/ccSL)&\£-  points  for  y\*z  and  an  order  of 

(11.43) 

points  for  •  This  is  unacceptable  for  h>, ?  .  One  can  of 
coarse  make  /1-2  cuts  in  the  domain  and  solve  a  Mv/ft  system  of 
equations  where  M  is  the  number  of  points  on  the  cuts. 
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Appendix:  Spectral  Multiscaled  Integration. 

Formula  (11.29)  has  been  desined  to  be  spectral  (i.e.  of 
an  infinite  order  of  accuracy  in  ^  )  and  conformally  local. 

In  detail,  suppose  that  we  purturbe  by  a  relative  amount 

Z«  i 

(A.l) 


A*  4*' +•£  (A.  2) 

dl  *  "S'  -£\  ^  An  $/  )  s  9/^  (A.  3 ) 

r  V  ZTT-^QJ  ) 

Then  the  effect  transmited  to  3*64  by  (11.29)  is 

(a.  4> 

which  agrees  with  (11.13)  up  to  the  hidden  unavoidable  factor 

of  V. 

Formula  (11.29)  takes  (9fVx)  operations  to  compute 
versus  ($■{*/ Jk^M)  operations  for  the  usual  spectral  7)*  ,  but 
the  lateris  useless  for  multiscaled  9 .  Now  let  us  replace 
(A. 4)  by  the  weakest  acceptable  requirment 

\ 

I 


£*\  ©<c  +  ^ 


(A.  5 


which  is  not  conformally  local,  but  still  works.  We  now  pose 
a  question:  What  is  the  fastest  scheme  to  acheive  (A. 5)?  The 
first  natural  try  is 

~  -A*©  •  .  (A. 6 


]>  =  0  (A. 

* 

but  it  violates  (A. 5)  for  multiscaled  6  . 

We  will  now  construct  a  spectral  multiscaled  method  of 
integrating  ^0  to  Q  .  It  can  be  iterated  to  compute 
differetation,  but  it  is  as  valueable  in  its  own  right. 

Define  the  functions 

/>, 0  (A.8) 

Then  clearly 


A*©/,  *  fW*, 


(A.  9) 


(A  .10) 


and  is  a  nice  function  aa  can  be  computed 

from  )  4,/ }  in.  the  usual  spectral  way.  Thus  it  takes 

@(7 AS 4*  A/)  operations  do  derive  from  .  Obviously 

'  \  e  ***  (A.  11) 

can  be  computed  by  a  K  points  Gaussian  integration  if 


(A. 12) 


J-g*  ) 


(A. 13) 


We  assume  that 


The  total  number  of  operations  is 

*«  0  C(w 1  mJLm  ] 


(A. 14) 


(A. 15) 


and  assuming  one  dominant  wave  number  the  accuracy  £  has  the 


controlling  factor 


JL  \  -  0[(J< h  +£fv*)  K] 


(A. 16) 


Hence  optimaly 


n 


(jo'-fijx*  + -jr  )  wt*  AT  J >0  (A. 17) 


^  -f 


jt&jxAS- 


1 1 


<0  (A. 18) 


We  do  not  have  any  non  iterative  differentiation  method  of 
type  (A. 10)  or  a  non  iterative  integration  method  of  type 
(11.29).  Moreover  (A. 9-11)  is  unlikly  to  be  the  last  word  in 
efficiency. 
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Index  of  Notation 


The  following  notation  is  used  throughout  this  thesis. 
However  we  could  not  resist  using  some  of  the  letters  (such  as 
3.  )  for  other  purposes  which  are  specified  on 
location.  Sometimes  functions  are  abbreviated  by  dropping 
some  of  their  last  argumentsr  for  example  6(W,  m,  )  to 
J(w)  or  even  J  .  We  may  olso  drop  a  middle  argument  by 
replacing  it  with  a  ".  In  all  such  cases  the  missing 
argument's  value  is  the  one  most  recently  listed  inside  the 
same  function  with  the  same  specified  arguments.  The  letter  c 
with  or  without  indices  denotes  a  constant.  No  connection  is 
assumed  between  two  f  's  in  the  same  formula,  not  to  mention 
adjacent  lines. 

Complex  plane 

Comlex  plane  with  infinity 
Empty  set 

Closure  of  the  set  in 
Open  of  the  set 

Open  interval  between  A  and  /j. 
where  £ 


C 

e 

o 

£LC 

Q* 

iatb) 
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p\$ 

{ itf  iAfiP,  wk  Q  \ 

p-a 

{u,0  (  44*  P ,  Of-St  } 

^&v\  (P,  St) 

Connected  components  of  the  set 

Q  intersecting  the  set  P 

6*\  (<4t  Q  ) 

6f*('(.<*^!iSL)  where  M  is  a  point 

3IL 

Boundary  of  /I  in  C" 

%Xl 

(2.1) 

Conformal  boundary 

R* 

luftn 

*2A(v,si,si) 

(10.44) 

Perturbation  boundary 

(10.45) 

Reduced  perturbation  boundary 

(10.142) 

y 

Partial  Derivative  with  respect 
to  the  j% th  argument 

(0.14) 

where  U  is  complex 

il* 

(3.19) 

Cover  domain 

l^&u  (u,  J (l ) 

(3.20) 

Cover  map 

(3.9) 

Minimal  radius  of  I~L  at  if- 

(10.46) 

Perturbation  radius 

«(*l,VtP  ) 

(5.29) 

Angle  change  of  a  curve  P  from 

iA.  to  V-  where  </,Q&P 

xfM.p; 

Curvature  of  the  curve  P  at  i/\ 

K( it,  flrO) 

(10.95) 

a«j,Jl,Ili 

(10.112) 

£  slender 

(0.4/5) 

■ill' 


£  conjugation 

(0.19,20) 

(7.1) 

Internal  Euclidian  distance 

d0(<*,  <S,&) 

(7.84) 

D(o*i 

The  half  plane 

0  «J,  A) 

Disk 

0t i«s,A,Si) 

(7.10) 

d  disk 

0o«fta,&i 

(7.86) 

do  disk 

Oa(u,IL,sL) 

(10.49) 

Perturbation  disk 

b(*3  ,£l) 

(7.52) 

bottleneck's  width 

a(w,iA,v,&i 

(9.2) 

*t,  u,SL ; 

(7.73,74) 

z?  (<*,</,.&/ 

(7.1) 

Line  of  least  Euclidian  distance 

... 

connecting  <a  and  O  in  -Cl 

(1.6) 

Geodesic 

cr(i,it\j,SL\ 

Continuation  of  beyond  and 

TP  (iA,V,Sll 

Total  geodesic  =.  P‘1  CP 

Conformal  mapping  function 

C(<A,Sl) 

(1.5) 

Conformal  metric  scalar 

p(iA,V,J[L) 

(1.6) 

Conformal  metric 

L*v  (<*,-&) 

(3.5) 

V(JL) 

(3.23,24) 

Capacity 

(1.25) 

Harmonic  measure 

(6.1) 

Modified  harmonic  measure 

SCiA'V,  ill 

(1.7) 

%(U,V,Si) 

(6.2) 
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(6.11) 


S*  (6.6) 


VC) 

(6.2) 

(6.12) 

(8.85) 

S*(Wt4,(A,V,£l) 

(0.66) 

(10.47,48) 

XI,  Jl) 

(10.143) 

(10.50) 

T(a,/ai 

(10.39-41) 

Extremal  length 


Perturbation  size 
Generelized  perturbation  size 
Relative  F  perturbatin  size 
ja  core  of  A 
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